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We calculate the moduli dependent part of string one-loop threshold correc- 
tions to gauge couplings for the heterotic string theory compactified on abelian 
toroidal orbifolds, allowing for arbitrary discrete Wilson lines. We show that 
the knowledge of threshold corrections for any such compactification is equiv- 
alent to solving a class of integrals. We solve a sub-class of these integrals 
and show how any model can be mapped onto this class by fractional linear 
transformations of its fixed plane moduli. Modular symmetries of the final 
expression are discussed. 
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1 Introduction 



In the past decades, string theory emerged as one of the most promising candidates for a 
unified description of nature — providing a quantum theory of all known forces including 
gravity. However, it still remains an open problem to find a vacuum of the theory which 
consistently describes the well-known standard model of elementary particle physics and 
enables us to predict physics beyond the standard model — hopefully leading to a connec- 
tion of string theory to experiment. 

The setting for our work will be the heterotic string, for which numerous models are 
known with the minimal supersymmetric standard model (MSSM) spectrum and gauge 
group. As compactification spaces we will be looking at abelian toroidal orbifolds. These 
have been investigated thoroughly since the early works [1] [2] and have attracted several 
interest recently, see for example [3] [1] [5]. 

Besides the difficulty of obtaining the correct massless spectrum and standard model 
gauge group, there exist several other problems. The most severe of these possibly being 
the discrepancy between the expected energy scale for the unification of all forces from 
experimental data (the GUT scale) and the scale suggested by string theory (the string 
scale) at tree level. These two scales differ by an order of magnitude. 

There are various possibilities of how to resolve this problem: new particles at intermediate 
mass scales, non-standard affine levels and string one-loop effects. See [6] for a review. 

String one-loop effects can alter the unification scale through threshold corrections to the 
gauge couplings. It is essential that, for the reconciliation of GUT scale and string scale, 
it suffices to know the part of these threshold corrections which depends on the moduli of 
the compactifying space. This part can be obtained from the general formula determined 
in [7|, valid for any vacuum of the heterotic string. In ref. [8j this formula has been applied 
to abelian toroidal orbifold compactifications. It was possible to evaluate formulas for a 
special sub-class of the orbifold compactifications, in which the string modes contributing 
to the threshold corrections are localized on a complete two dimensional sub-torus in 
the absence of discrete Wilson lines. This result was further generalized in [9] where 
the moduli dependent part of the threshold corrections has been evaluated for special 
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orbifold geometries, in which the string states contributing to the threshold corrections 
are not locahzed in a complete two-dimensional sub-torus. However, the inclusion of 
discrete Wilson lines has remained a problem ever since. Possible effects of non- vanishing 
discrete Wilson lines on modular symmetries have been first considered in [10] [11] [T2] . 
There it was realized that discrete Wilson lines can break the usual PSL(2, Z) symmetry. 
Symmetry groups of various orbifold models with discrete Wilson lines were obtained in 

m m- 

However, the calculation of threshold corrections in the presence of discrete Wilson lines 
remained as an open problem. The recent activity in orbifold model building has renewed 
interest in solving this problem, since all promising models posses non- vanishing discrete 
Wilson lines. Therefore, investigation of the unification scale in these models requires 
the knowledge of the moduli dependent part of the gauge coupling threshold corrections. 
Furthermore, many aspects of low-energy phenomenology rely on PSL(2, Z) as the group 
of modular symmetries [15]. The knowledge of the group of modular symmetries in the 
presence of Wilson lines is, therefore, useful to examine certain low-energy phenomena in 
these models. 

This has been the main motivation behind the work presented here. In the following, 
we shall explain why we think that this work has solved the task of determining the 
moduli dependent part of gauge threshold corrections in arbitrary abelian toroidal orbifold 
compactification of the heterotic string (allowing for arbitrary discrete Wilson lines) in 
full generality: We will develop a constructive prescription of how to calculate an analytic 
expression for an arbitrary model. 

The organisation of the paper is as follows. The first part of Chapter [2] introduces the 
physical language we will be using throughout the work. The second part investigates the 
action of modular transformations on conformal field boundary conditions on the world 
sheet torus. The third part develops the notion of closed, minimally closed and generating 
sets of boundary conditions. Furthermore, their structure is analysed. Chapter [3] applies 
the structure uncovered in chapter [2] to show that the calculation of threshold corrections 
simplifies significantly since the partition functions to different boundary conditions can 
be related to each other. This is used to reformulate the problem as an integral over 
the partition function associated to one specific boundary condition, with the domain 
of integration being the fundamental domain of the symmetry group of this partition 
function. Next, the fixed plane condition for the quantum numbers is considered. It 
is shown that this is a system of linear Diophantine equations which always possesses 
solutions and can be characterised by four rational numbers a,/3,7,5 G Q. These four 
numbers determine a class of integrals which is equivalent to the calculation of one-loop 
threshold corrections. Chapter H] starts with the calculation of the integrals of the classes 
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a = /3 = 7 = 1 and 5 G Z and the symmetry of the result is investigated. Afterwards, it is 
proven that all other classes can be reduced to the classes a = /3 = 7 = 1 and 5 G Z via a 
redefinition of the complex structure and Kahler structure moduli of the compactification 
space. 

2 On Boundary Conditions, Closed Sets and Generating 
Elements 

This section will follow several aims. Firstly, we will give a brief introduction into the 
physical background of our analysis. Secondly, we will show that the set of elements of 
boundary conditions which contribute to the one-loop gauge threshold corrections admit 
a certain structure. Thirdly, we will proof the existence of a generating system for these 
elements. 

The main result of this section will be theorems 12. 9[ 12.171 and 12.191 The first states that 
the set of boundary conditions which contributes to is closed under SL(2,Z)|ll The 
second states that there is a natural choice of a generating system of O. The third states 
that the partition functions of all boundary conditions of a generating set coincide if at 
least one of them is invariant under F' C F for some finite index subgroup F' of F. If 
a transformation is regarded as an action on boundary conditions, it is regarded as an 
element of SL(2, Z). The definition of the action of such a transformation accounts for 
the fact that there exists an associated modular transformation, hence, an element of 
F, on the partition function which is associated to this boundary condition. We should 
mention that it is possible to generalize these results. One can look at closed sets under 
other groups than SL(2, Z) and assign functions to those sets with crucial relation f l2.2ip . 
These sets do not necessarily have to be boundary conditions and the function not to be 
partition functions. But since we want to compute one-loop gauge threshold corrections, 
we will not develop this further in the present work. 

2.1 Physical terminology 

The aim of this subsection is to outline the physical motivation for our computation. 
Furthermore, we would like to establish a precise language for the class of string theory 
models we will be discussing. The reader without a background in string theory will find 
definitions for the physical terms used throughout this work. However, the definitions 

"'^ Therefore, the sum over all associated partition functions is modular invariant. 
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given are designed to suit this work and will most probably not be of great practicality 
in most other contexts. 

Our starting point is the heterotic string theory. We compactify down to four dimensions 
by using the geometry x O, where O is a toroidal orbifold defined by [1] [2] 

O = T^/V . (2.1) 

This means that all points a; G are identified which are related by a group element 

x^y ^ y = Q{e)x (2.2) 

where Q{6) is a representation of 6 on the torus lattice. The group V is called the point 
group of the orbifold. We will choose an abelian group V = 1jn which has been the choice 
in the vast majority of constructed orbifold models until today. 

Note, that in contrast to earlier work, we do not impose further assumptions. We do 
not require the torus lattice to be decomposable into T^ x T^ or T^ x T^ x T^ as in [8|. 
Furthermore, we allow for arbitrary discrete Wilson lines, which can be understood as the 
V action in the Eg x Eg or SO(32) gauge bundle over O |2]. 

This is of particular interest in string phenomenology since "switching on" discrete Wilson 
lines can be used to lower the rank of the gauge group smoothly and reduce the number 
of generations in a given model without Wilson lines yielding numerous interesting 
models with three generations and the standard model gauge group, see [3] [4] [5] for 
recent constructions. 

For our purposes, the following definition will be most suitable 

Definition 2.1. An (abelian toroidal) orbifold model (of the heterotic string) (A, Q, {Ai}) 
is given by specifying a six- dimensional torus lattice A, the generator Q of a V = Ijn 
representation on the torus lattice and a set of rational numbers {Af} =: At i = 1, . . . ,6, 
J = l,...,16. 

We call the generating element of l^jsi the (orbifold) twist, N the order of the twist and 
the six sixteen dimensional vectors Ai the (discrete) Wilson lines of the model specified in 
that way. 

An orbifold model (A, Q, {^j}) where all Ai = Q is called an orbifold model without Wilson 
lines. 



^Here x and y are elements of the torus. If we view x,y £ R^, they have to coincide only modulo lattice 
translations. 
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Remarks. 



• The words in parentheses will be often ommitted in favour of brevity. 

• It has to be stressed again, that this definition is designed to suit our purposes. To 
construct a sensible physical model one has to impose additional restricitons on the 
twist and the Wilson lines f^. However, since our results will remain true even 
for unphysical choices of {A,Q,{Ai}), we appeal to this minimal definition in order 
to avoid a loss of generality. Obviously, every physical model is included in this 
definition. 

• Throughout the article, we will be explicitly using Eg x Eg heterotic theory for con- 
creteness. However, all of our results are most easily reformulated to apply to the 
SO (32) heterotic theory as well by simply choosing the Wilson lines to take values 
in the SO (32) root lattice and replacing the term Eg x Eg by SO (32) wherever used 
in the text. 

• If 6 is the generating element ofli^, then Q{6) will usually be called twist as well. 

A special role is played by singular loci in the orbifold. These occur if the point group is 
not acting freely on T^. 

There are two concepts we will need. Firstly, the concept of fixed points in the orbifold. 
Secondly the notion of a fixed plane. The fixed points are given by 



This means the set of all points which are equivalent under the action of the twist modulo 
some lattice translation. The fixed planes are relevant, since their intersection with the 
torus lattice is given by all states which are invariant under some power of the twist. They 
correspond to all states which are present after orbifolding and given by 



It can be shown [8J, that this locus has either dimension 0, 2 or 6 and accordingly defines 
an invariant point, an invariant plane (fixed plane) or acts trivially on the torus lattice. 
Fixed planes are given by the solutions of the equation 



{x e \Q{9)x = x (mod A) }keJM ■ 



(2.3) 



{xeR^ \Q{e)''x = x}kem. 



(2.4) 



Q{e)''x = x 

for e IN, 7^ 1 and Q'^ 7^ 1 1. 



(2.5) 



•^We will usually say that 9'' fixes a plane and call the plane the 9'' fixed plane. 
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For our task at hand, the calculation of the moduli dependent part of a certain one-loop 
amplitude, it will be necessary to consider fields on a world-sheet torus of the string. The 
Hilbert space of fields decomposes into sectors of different boundary conditions along the 
fundamental cycles of the world-sheet torus. 

Definition 2.2. A field (p on the world-sheet torus (parametrized as ai+r (T2, cri,2 £ 
r G C, cri^2 — cri,2 + I) is said to carry boundary conditions {g, h) eV if 

0(^1 + 1,^2) =^ -0(^1,^2) ^2g) 
0(0-1,0-2 + 1) = h- 0(0-1,0-2) 

Remark. "■ " denotes some action of V on the fields. In the case of V = Ijm this 
is given as follows: We can always choose a complex basis {-2i}j=i,2,3 for our six real 
fields embedding the string into the orbifold. In these coordinates, a general irreducible 
representation of the twist is given by diag(0i, ^2) ^3) with 6i G C, Of = 1 and \6i\ = 1. 

The set of boundary conditions is classified as follows: 
Definition 2.3. We call 

{{g,h) E V X V \ g and h fix the same points} (2-7) 
the M = 1 sector of the orbifold model, 

{{g,h) eV X V \ g and h fix the same plane} (2-8) 
the M = 2 sector of the orbifold model and 

{{g,h) eV xV\g and h leave the whole orbifold invariant} (2-9) 
the A/" = 4 sector of the orbifold model. 

Let us define the main object of interest in the present work. 

Definition 2.4. We call Aq the (moduli dependent part of the) threshold correction, with 



associated to the boundary conditions {g, h) and the fundamental domain of the group 
r in the upper half complex plane H"*" . 

We will examine this expression in more detail in section [31 For the discussion in the 
present section, it will be of importance that only the M = 2 sector contributes to the 
threshold correction. As we will see shortly, boundary conditions of this sector exhibit a 
useful structure with respect to modular transformations on the world-sheet torus. 




(2.10) 



Here O denotes the M = 2 sector of the orbifold model, Z. 



■l-loop 
i9,h) 



(r) the partition function 
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2.2 Transformation of Boundary Conditions 



Boundary conditions specify the transformation properties of the fields under transla- 
tion of the world-sheet torus-lattice by fundamental cycles. It will be of special interest, 
how these properties behave under the action of a modular transformation on the torus. 
There exist different conventions and formulas in the literature of how boundary condi- 
tions on the world-sheet transform under modular transformations. To keep our work 
self-contained, we start with an examination how boundary conditions map onto each 
other under the action of SL(2, Z). This is to avoid any confusion due to the different 
conventions used throughout the literature. 

At the beginning we would like to state the result of this examination: The generators 
of the modular group, namely S : t ^ —1/t and T : r ^ r + 1 change the boundary 
conditions to 



3\e^) ^ {e\e^~^) and 

Qi^ ^Qk^ Qi-k^ ^ respectively. 



(2.11) 



Where N denotes the order of the twist [6^ = 1). Next, we will show why this is true. 

Let us look at a modular transformation on the world-sheet torus. The torus is defined 
by a lattice A in complex space via = C/A. We will describe it by a single complex 
modular parameter r. The resulting object becomes a one dimensional complex manifold 
by choosing an atlas and a complex structure on it. Let us denote the complex variable on 
the torus (in local coordinates) by u. This u is then parameterized by two real variables 
0"! and (72, 

u = ai + a2T. (2.12) 

To see how the boundary conditions change under modular transformations one has to 
recall that two lattices A and A' define the same complex structure on a torus if and only 
if there exists a complex number ^ G C such that A = ^ A'. This condition is equivalent 
to the existence of a matrix V G SL(2,Z) which links the complex parameters r G A, 
r' G A', by a modular transformation 

= ^ fa. V^t'y (2.13) 



CT + d \c d 



By inserting equation (12.131) into (I2.12p . factoring out ct + d, re-expressing ai and (T2, 
and exploiting the definition of equivalence of complex structures, one can infer that this 
transformation corresponds to 
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{cr'i, (y'2) = (c?(Ti + 6(72, C(Ti + a 0-2) . 



(2.14) 



For fields 0(cri, (72) with boundary conditions (I2.6P it follows that a V transformation on 
r of the form fl2.13p results in 

0'((Ti + 1, a'2) = (j)'{dai + 6(72 + 1 , cai + aa2) 



And consequently g' = g"' h Here we used [g, h] = 0. In analogy it follows that 



Therefore, the change of the boundary conditions under a modular transformation reads 



If one applies (12.161) to twists, equation (12. lip is proven. 

2.3 Modular Subgroups, (Minimally) Closed Sets, Generating Sets 
and Partition Functions 

This section will provide necessary tools for the computation of one-loop gauge threshold 
corrections for general orbifold models with arbitrary discrete Wilson lines. In section [3] 
we will apply theorem 12. 191 to simplify the general expression for A^. Having established 
the notion of a generating set of boundary conditions in definition 12.181 this theorem 
tells us that all partition functions associated to elements of one generating set actually 
coincide if the generating set is defined with respect to the (modular) symmetry group 

"^In the convention of |17) equation (j2.14p takes the form (cti , (T2 ) 1 — > {cr'i , 0^2) — {a(Ji+b(j2,cai + d (72 ) . 
In our convention this would correspond to the modular transformation by the inverse matrix and, 
hence, this has no influence on the calculation of the thresholds. 



(J)' {{d{ai + a) + 6(0-2 - c) , c(o-i + a) + a{a2 - c)) 
V (j){ai + a , (72 - c) 
g''h-'V<j){a,, a2) 
g'^h-^<P'{a[,a'2) 



g'(p'{cr[, (12) • 



(2.15) 



h' = g-''h''. 




(2.16) 
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r' C r of one of these element^. The examination whether generating sets of boundary 
conditions are unique is not important to our scope, since an immediate consequence of 
their definition is that the threshold correction does not depend on possible ambiguities. 
All this will be utilised together with lemma 12.101 to justify our ansatz to compute 
later in section O 

We will start this issue by defining the notion of a group right action on a finite set. After- 
wards we will define a binary operation which accounts for the transformation behaviour 
of the world-sheet torus partition function associated to the boundary conditions {g, h) 
under modular transformations. This will give a group right action of modular trans- 
formations, viewed as elements of SL(2,Z), on the (closed) set of boundary conditions. 
Then we will define closed and minimally closed sets and show under some assumptions 
that the TV = 2 sector of the orbifold model O which contributes to is closed. Having 
established their definition, the structure of closed sets will be examined. Afterwards, we 
will define generating sets and prove their existence within closed sets. At the end we will 
observe that it is possible to choose a generating set Oq of O such that the torus partition 
functions of Co coincide. 

In the proofs concerning boundary conditions of conformal fields on a world sheet torus 
we have taken into account that in our orbifold models we always have a commutative 
point group V = I^n. This has been done in order to simplify and shorten the proofs. 
However, many of the presented properties of sets of boundary conditions do not rely on 
the commutativity of the point group and the whole discussion can be generalised to the 
non-abelian case (using the fact, that in an element of boundary conditions [g, h) physical 
consistency requires [g,h] = 0). However, for the sake of brevity we will only consider 
abelian point groups since this is our concern in the following sections. Though, we tried 
to keep the notation as general as possible. 

For the remainder of this section, if not stated differently, let O he a finite set, {G, ■) be 
a group, (G", ■) be a subgroup of (G, ■) and * be a right action of (G, •) on O, i.e. 

yxeO ■.yVuV2eG : x*{Vi-V2) = {x* Vi) * V2 (2.17) 
VxeC : x*l=x (2.18) 

Now let us introduce a binary operation which accounts for the transformation of partition 
functions under modular transformations. 

Definition 2.5. Let V G SL(2, Z) and let {g,h) G , with V denoting the point-group 



^Since the partition functions coincide, the symmetry group is the same for aU these elements 
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of an orbifold model. Furthermore, let V be parameterised as 

y=i't !;V (2-19) 



c d 

Then we define a binary operation x SL(2, Z) — )■ P^, (((7, h), V) 1 — )■ {g, h) *V via 

{g,h)*V:={g''h-^,g-'h''). (2.20) 

This is motivated by f l2.16p and further justified by the fact that 

y ■ ^2^sr(^) = (i^^^)^sr(^^) = • (2-21) 

This operation defines a group right action of SL(2, Z) on the set of boundary conditions 
(and, hence, on the M = 2 sector (9), as stated in 

Proposition 2.6. Let be the set of boundary conditions of an orbifold model and * be 
defined in definition \2.5l Then * defines a group right action o/SL(2, Z) on . 

Proof. Let x G V^. Then it has the form x = {g, h). Obviously, it holds {g, h)*!. = {g, h). 
Now, we will show 

{{g, h) * Vi) * V2 = {g, h) * (V^i • V2) , (2.22) 

where the dot denotes the ordinary matrix-multiplication. 

Let Vi, V2 G SL(2, Z), {g, h) G and let Vi, V2 be parameterised as 



Vi = ( , and V2 = I J ] } respectively. (2.23) 

\Cl dij \C2 0,2 J 

Then matrix multiplication yields 

V-V = (^^ . (^^ ^ l'aia2 + biC2 ai 62 + &i c?2\ 2A) 

^ ^ V*^! di J \C2 d2 J \Ci a2 + (ii C2 Ci 62 + C?l ^2/ ' 

Therefore, the action of Vi ■ V2 on {g, h) reads 

{g, h) * {Vi ■ V2) = (^'^i^^+bica j^-c,a,-d^c, ^ g-a,b2-b,d2 j^c^b^+d^d^^ ^2.25) 

Now let us look at {{g, h) * Vi) * V2. Since g and h commute, it is given by 

{{g, h) * V,) * V2 = [g"' h-'\g-'^ h''-) * V2 

= {g"^"^ h-"'"^ g^'''^ /i-'^i^^ ^-"1*2 f^cib2 g-b^d2 f^djd2^ ^2.26) 

_ ^ga.ia2+biC2 l^-cia2-diC2 g-aib2-bid2 j^cib2+did2"j 
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If we compare (12.26^ with f l2.25p . we can deduce that 

{{g, h) * Vi) * V2 = {g, h) * (Vi ■ V2) . (2.27) 
Therefore, * defines a group right action of SL(2, Z) on indeed j!l □ 

This result can also be seen in another way: Let Z^^^'^^^^r) be the one- loop partition 
function associated to the boundary conditions {g,h) and Vi,V2 G SL(2, Z). Then it 
follows that 

(^1 ■ V2) ■ r2^S)^(r) = Im(Vi ■ V,r) ^^^^-((V^i ■ V,) r) = r2Zj,S;V-v.)(^) • (2-28) 

On the other hand, it is 

Im(Fi . V,r) ■V,r)= lm(y,r) ZlJ^^^^y^iV, r) = r,Zf(^X)*V0*v.(^) (2-29) 

and, therefore, {{g,h) * Vi) * V2 = {g,h) * (Vi ■ V2). This is exactly the statement of 
proposition 12.61 hence, ensuring definition 12.51 to be consistent with fl2.2ip . 

As an example let Xi,X2,X3 be boundary conditions Xj = {gi,hi) G and let Z^:'°°P(r) 
be the torus partition function which is associated to Xj. Then V12, V13 and V23 are defined 
via the following (commutative) diagram: 

xi ^X2 (2.30) 

It is obvious that 

-KsZ (-) = ■ {-k:z (-)) • (2-31) 

The computation of the threshold correction relies on the concept of closed sets of 
boundary conditions. Their definition is given by 

Definition 2.7. Let O be a finite set and * be a group right action of a group {G, ■) on 
O. Then we call this set closed under G if 

\fx e O : yv e G : x*V e O . (2.32) 

// there is no O' C. O such that O' is closed, we call O a minimally closed set. 



^It is clear that this group action defines also a group action on the J\f = 2 sector O of an orbifold 
model. 



11 



As an example for a minimally closed set consider O = {{1,6'^),{6'^,1),{6'^,6'^)} for a 
Z4 orbifold. An example for a non minimally closed set is the M = 2 sector of the 
SU(2) X SO(10)/Z8 orbifold in ref. [9]. An immediate corollary of definition 12.71 is 

Corollary 2.8. Let O he minimally closed under (G, ■)■ Then for all x,x' G O there 
exists aV & G such that x' = x *V . 

Proof. Let O be minimally closed and x & O. Let us assume that there exists a. x' & O 
such that there is no G G with x' = x*V . Then we can deduce that O' := x' *G is per 
definition closed under G and O' C O. Since O is minimally closed, this is a contradiction 
and the theorem is proven. □ 

Next, we will show 

Theorem 2.9. Let O he the M = 2 sector of an orbifold model. Then O is closed under 
SL(2, Z) and in particular under all subgroups G' ci/SL(2, Z). All elements of a minimally 
closed set in O fix the same plane. 

Proof. Let an orbifold model be given and 9 denote its twist of order A^. Furthermore, let 
6^^, kf) G Z, leave exactly one plane invariant. At the beginning, we will construct a closed 
set of boundary conditions out of the element 6'^°. Then we will use this construction to 
prove the theorem. To construct a closed set of boundary conditions out of 6^° we have 
to observe that there exist m,n & X such that 



kom- Nn = gcd{ko,N) , (2.33) 
which means 

kom = gcd(A;o, A^) mod A^ . (2.34) 

Thus, ^g^d(fco,Af) ^ Qkom ^^^^ obviously, 0g^d(fco,iv) jgg^^gg ^-^^ ^^^^^ pj^^g invariant as O"'^'' = 
(6^°^^ . A power O'^ of the twist 9 can only fix one point, one plane or three planes. Since 
9^° leaves one plane invariant, it follows that 9^°"^ leaves at least the same plane invariant 
as 9^°. Hence, 9^°"^ can either fix exactly one plane, or three planes. If 9^^"^ leaves three 
planes invariant, it is possible to choose a basis of which is left invariant under the 
action of 9^°^. Therefore, is left invariant and we can infer that 9^°"" = 1. Thus, 
Qkom gii^j^gj- leaves exactly the same plane invariant as or is the identity. If 9''''"^ is the 
identity, it follows that ^scd(fco,iv) jg g^jgQ ^-j^g identity. Since there exists an integer A G Z 
such that ko = X gcd(/i;o, A^) we can infer that 9^" = 1. This is a contradiction to the fact 
that 9''° leaves exactly one plane invariant. 
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Let us define 

O{ko, N) := { {9'^ ,9'')\ h,2 = 71,2 gcd(fco, N) , 71,2 eZ}\M, (2.35) 

where Ai := {(^^'^^^, 6''''^^|7i, 72 G ^} and \ denotes the difference between two sets. 

If we introduce an equivalence relation on {{6^, Z G Z} as ~ : {6'', 9^) ~ {9^\9^') -.^ 
k = k' modA^ A I = I' modA^, we can observe that 0{kQ, N)/r^ is finite. Let us denote 
the equivalence-class of {6^,6^) by [(0^,0')]. Furthermore, let 

[(^^^')] *^:= (^^^')*^• (2.36) 

Since any element {g,h) G [(6'^,6'')] can be written as (^0'^+°'^^ ^ gi+aiN^ ^^^^ 

^gk+ai^N gl+aiN^ ^ y — ^Qak-cl+{aa,^-cai)N Q-bk+dl+{-ba)^+dai)N^ _ 



,ak-cl Qdl-bk^ ^ ^Qk^ Ql^ ^ y ^2.37) 



for 



V = (: ^) , (2.38) 
equation (I2.36P is well-defined. 

Let a e Z be defined via N = a gcd{kQ, N). From equation fl2.2Up it follows that 

^(^Q^l gcd(ko,N) ^72 gcd(fco,Af)-jj ^g— ^(^Q-y2 gcd(ko,N) ^(a-71) gcd(fco,Af)-jj ^ Q(^J^^ A^)/~ 
|^^^7i gcd(feo,Af) ^72 gcd(A;o,Af)-)j ^ J" = |^(^^7l gcd(fco,Af) ^(72-71) gcd(feo,Af) "jj £ Q(^]^^ A^)/~ 

Therefore, 0{kQ, A^)/~ is closed under SL(2, Z) and in particular under all subgroups G' 
of SL(2,Z). 

Now, let another /q € Z be given, with 6^° leaving exactly one plane fixed. Then O{lo, N) 
is closed, too. Hence, 0{kQ, N) U C(/o, N) is closed. 

Let X be the set of all A; G Z with < k < N and 9'' leaving exactly one plane invariant. 
Then we can deduce that 

0:=[jO{k,N) (2.39) 

A; ex 

is closed under SL(2, Z) and in particular under all subgroups G' of SL(2, Z). 
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Now we will show that all elements in a minimally closed subset Oq of the M = 2 sector 
O of an orbifold model leave the same plane invariant. Let x' G Oq? 2; = ((7, K) and 
x' = {g', h'). Because of corollary 12.81 there exists a V & SL(2, Z) such that x' = x *V. 
Since x & Oq G O, it follows that x = {6^, 9^) with 9^ and 9^ leaving the same plane 
invariant. Because of Q'^x = x Q~^x = x, 9^ and 9~^ leave the same plane invariant 
for all /c G Z. Together with the discussion below equation ( 12.34^ we deduce that 

x*V = {9\9^)*V = {9^''9'^\ 0diQ-bk^ ^ ^2.40) 

leaves the same plane invariant as x. □ 

Our next step towards proving the main result of this chapter, theorem 12.191 is to show 
that every minimally closed set in an orbifold model contains an element of the form 
(1,6''^). This is summarised in 

Lemma 2.10. Let O be a minimally closed set of boundary conditions of an orbifold 
model and 9 its twist. Then for every x & O there exist m G Z and V G SL(2, Z) such 
that 

x*V ={l,9"') eO . (2.41) 

Proof. Let x be the boundary condition of an orbifold model. It can be written in terms 
of the twist 9 

x = {g,h) = {9\9') . (2.42) 

Furthermore, let V G SL(2, Z) be parameterised according to (I2.19p . Then it follows from 
equation (12.201) that 

x*V = (^^ 9^)*V = (r '^-^^ 9'^^-^^) . (2.43) 

Therefore, we have to find a solution of 

ak — cl = aN and ad — bc=l with «gZ. (2.44) 

The choice of a is completely arbitrary. The only important property is that there exists 
at least one a such that (12.440 has a solution. Therefore, let us choose a = 0. Then (12.440 
implies 

ak = cL (2.45) 
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The general solution of equation (12 .45^ is given by 



with 7 G Z. We search for a, c G Z such that there exist 6, d G Z so that ad — be = 1. 
Therefore, and have to fulfil gcd(a^, c^) = 1. This is equivalent to 7 = 1. Therefore, 
we have gained a solution of (12.441) and the lemma is proven. □ 



Next, we will prove two statements. Firstly, we will show that the intersection of two 
different minimally closed sets contained in a closed set is empty. Secondly, we will prove 
that a closed set is a unique disjoint union of minimally closed sets. 

Lemma 2.11. Let O be a elosed set under G and let Oi, O2 C O be distinct and minimally 
closed. Then it holds that Oi (1 O2 = ^■ 

Proof. Let V E G. Furthermore, let us assume that there exists a x G (9 in such a way 
that X G Oi n 02- Since Oi and O2 are closed, it follows that x *V e OiD O2. This 
means that Oi fl O2 is closed itself. Since Oi and O2 are minimally closed, this is a 
contradiction. □ 



This enables us to state following 

Proposition 2.12. Let O be a finite closed set under G. Then O is a unique disjoint 
union of minimally closed sets. 

Proof. Let O be finite and closed. If O is minimally closed, proposition 12.121 is trivial. 
Now let O be not minimal. First we will show that every closed set contains at least one 
minimally closed set. Since O is closed and not minimal, it has to contain a closed set 
(9i C (9 by definition. Let us assume that O does not contain a minimally closed set. 
Then Oi <^ O cannot be minimally closed. Hence, Oi contains a closed set O2 C Oi 
which cannot be minimal. Thus, O2 contains a closed set C O2 which cannot be 
minimal, and so on. 

Altogether, there exists an infinite sequence of nested sets 

C D Ci D C2 2 C3 D . . . (2.47) 

Since the set of boundary conditions is finite, this infinite sequence is obviously a contra- 
diction. Therefore O contains a minimally closed set, which we call Oi. 
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Next we will show that O has to be the disjoint union of minimally closed sets. Since O 
is closed and Oi is minimally closed, we can deduce that O \Oi has to be closed, too. 
This closed set has to contain a minimally closed set 02- From lemma [2.111 it follows 
that Oi n O2 = 0. Now consider O \ {Oi U O2). It is closed, too. Again, it contains a 
minimally closed set O3, with Oi H O2 H O3 = 0, and so on. 

Since O is finite, this construction will terminate at some n G IN. Therefore, 

n 

0=[jOk. 

k=l 

Let us assume that there exists another decomposition {O^} of O which is truly distinct 
from {Ok}- Then we can infer that there exists at least one Ok and one O'l such that 
7^ Cfc n C;' C Ok- Since lemma [2.111 holds, this is a contradiction and we have proven 
that the decomposition of O is unique up to ordering ambiguities. □ 

Definition 2.13. Let (G, ■) be a group, (G", ■) be a subgroup of (G,-), O be a finite set, 
X E O and * be a right action of {G, ■) on O. Furthermore, let O be closed under the 
action of G. Then we denote by Gx (G'^) the stabilizer of {G, ■) ({G', ■)) at x under *, i.e. 

Gx--= {V eG\x*V = x} (2.48) 
G'x--= {P e G'\x* P = x} (2.49) 

The stabilisers of G and G' at x form a group. This is formulated in 

Corollary 2.14. Let Gx and G'^ be the stabilisers of (G, ■) and {G', ■), respectively, at x 
under *. Then (Gx,-) (^''^d (G^, ■) are both groups. Furthermore, (G'^, •) is a subgroup of 
(Gx,-)- 

Proof It holds G^ C G and G^ C G' C G. Let V, Vi,V2 e Gx and P, Pi, P2 G G^. Then 
it follows that x *V = x x = x * V^^ and x*P = X'^x = x* P~^. Hence, V ^ Gx ^ 
V-^ e Gx and P G G; P-^ G G^. Furthermore, x*{Vi- V2) = {x*Vi) *V2 = x*V2 = x 
and X * (Pi ■ P2) = (x * Pi) * P2 = X * P2 = X. Therefore, Vi, V2 G G^ ^ Vi ■ V2 G Gx and 
Pi, P2 G G'^ ^ Pi ■ P2 e G'^. Obviously, G^ C Gx and (G^, ■) is a subgroup of {Gx, ■)• □ 

We will choose one element x G O and will be interested in group elements Vi,V2 G G 
which lead to different elements in O, i.e. x * Vi 7^ x * V2. This leads us to 
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Definition 2.15. Let (G, ■)? ('^x, ■) csnd {G'^,-) be as above. Then we define four 

equivalence relations ~2; ~3 and ~4 as 



yVi,V2 EG : 1^1 ~i 1^2 :^ 3 e : Vi = g-V2, 
VPi, P2 e : Pi ~2 A :^ 3 (?' e G', : = g' ■ P, 
VVi, \/2 G G : \/i ~3 :^ 3 (?' G G', : = g' ■ V2 , 
VI/1, 1/2 e G : 1/1 ~4 V^2 3 P e G' : I/1 = P • I/2 • 



2 , 



(2.50) 
(2.51) 
(2.52) 
(2.53) 



We denote G/~i as G/G^, G7~2 as G' /G'^, G/~3 G/G^ anc/ G/~4 as G/G'. 

Next we define the action of an equivalence class \y] on an element x E O. 

Definition 2.16. Let GjG,^, G' /G'^ andG/G'^ as above. Then we define for [V] e G/G. 
[P] e G'/G', and [C] e G/G', 



It can be easily verified that these operations are well defined, i.e. they do not depend 
on the choice of representatives of the equivalence classes. Strictly speaking, we should 
differentiate between the equivalence classes [y]2, [V^ja and \y]i with respect to the 
equivalence relations ~i, ~2, ~3 and ~4. Since it should be clear from the context, we 
omit the index to simplify notation. Now we are ready to formulate one of the main 
results of this section, which will enable us to essentially simplify the expression of one- 
loop threshold corrections: 

Theorem 2.17. Let gi, Vj, Pi and Mj. be representative systems ofG^/G',, G/G,, G' /G', 
and G/G' , respectively. Then every equivalence class [G] e G/G', includes exactly one 
element Pi ■ Mk and exactly one element gi-Vj. 

Proof. Let C E G and [G] E G/Gxhe the equivalence class which contains G. Then there 
exists a unique Vj such that [G] = [Vj]. Therefore, there exists g E Gx so that C — g -Vj. 

Since g E G,, it follows that there exists a unique gi E G^ such that [g] = [g/l E G^/G',. 
Then there exists a unique g' E G', such that g = g' ■ gi- Thus, G can be uniquely 

decomposed as C = g' ■ g^ ■ Vj. 

On the other hand, there exists a unique such that [G] = [M^] E G/G'. Thus, there 
exists a unique P E G such that C = P ■ M^. Because of P G G', it follows that there 



X * [y] :— x *V ., 
x*[P\ :— X* P , 
X *[C] :— X *C . 



(2.54) 
(2.55) 
(2.56) 
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exists a unique Pi e G' so that [P] = [Pi] E G'/G'^. Hence, there exists a unique g" e G'^ 
such that P — g" • Pi- Therefore, C can be uniquely decomposed as C — g" • Pi ■ M^. 

Let us assume [Pi ■ Mk] = [Pv ■ Mk>] e G/G'^. Then there exists g' e G'^ such that 
Pi-Mk = g'-Pv-Mk'. Therefore, Mk-M-^ = Pf^-g'-Pi, e G'. Hence, [Mk] = [Mk'] E G/G'. 
This imphes together with the definition of Mk that Mk = Mk'. Thus, it is true that 
Pi = g'-Pi' and, therefore, [Pi] = [Pi'] e G'/G'^. This is equivalent to Pi = Pi'. Altogether, 

Mk ^ Mk' VPi^ Pi' ^ [Pi ■ Mk] ^ [Pi' ■ Mk'] . (2.57) 

Let us now assume [gi ■ Vj] = [gi' ■ Vjr] G G/G'^. Then there exists g" G G'^ such that 
9^ ■ Vj = g" ■ g, ■ Vy. Thus, V, ■ V^^ = gr' ■ g" ■ g, G G^. Therefore, [V,] = [V,.] G G/G^. 
This implies Vj — Vf. Hence, it holds gi = g" ■ g^' and, therefore, [gi] = [gi'] G G^/G'^. 
This is equivalent to gi — gi'. Altogether, 

9i ^ 9v V V, ^ V,' ^ [gr ■ V,\ ^ [gv ■ Vy] . (2.58) 

Since every G EG can be uniquely decomposed as G — g' ■ gi ■ Vj — g" • Pi ■ Mk, it holds 
[G] — [gi ■ Vj] — [Pi • Mk] E G/G'^. The equivalence class of C does not change if g' and g" 
change. Thus, every equivalence class [G] E G/G'^ contains exactly one element Pi ■ Mk 
and exactly one element gi ■ Vj. □ 

Let us look at all combinations oi x * Pi • Mk. This is equivalent to all combinations of 

X * gi - Vj. Now, it holds that x * gi ■ Vj = x * Vj for all g^. But all combinations of a; * 1^- 
are exactly O. This means that we get all x' E O equally often. The cardinality of how 
often every element is counted is given by the cardinality of all gi. Hence, every element 
is counted [G^ ■ G'^] often. In particular it is easy to observe that [G^ : G'J < oo. 

We will need 

Definition 2.18. Let O be a finite set, * be a group right action of {G, ■) on O and (G", ■) 
be a subgroup of (G, ■)• Then we call 0^{x, G') ■.= x* G'/G'^ := {x * [P] \ [P] E G'/G'J a 
generating set of order [Gj, : G'^] . 

This definition can be used to state one of the main results of this section. 

Theorem 2.19. Let O be the M — 2 sector of some orbifold model. Furthermore, for any 

minimally closed set Ok C O let there exist an Xk = {gk, hk) E Ok such that T2 ^^g'^hl) 
invariant under F'^, C T, F'^ being a finite index subgroup of T = PSL(2, Z). Then every 
minimally closed set Ok contains a generating set Oo,fe — ^o^^^^''^\xk-,^'k) such that all 
partition functions of x E Oo^k coincide. 
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Proof. Theorem 12.91 shows that the M = 2 sector of some orbifold model is closed under 
SL(2, Z). Thus it is also closed under modular transformations F = PSL(2, Z). Proposi- 
tion 12.121 shows that this closed set is the unique disjoint union of minimally closed sets 
Ok- Thus, by definition 12.181 it holds that Cq^^*'^'^^(x, V) := x* F'/F'^ is a generating set 
in Ok for all elements x & Ok and all modular subgroups F' C F. By assumption it is 
true that all minimally closed sets contain an element Xk = {gk, hk) G Ok with T2 Z^^g^'h'^) 
being invariant under some finite index subgroup F'^ of the modular group F. Therefore, 
CQ^^'^^'^^(xfc, F'^) is a generating set so that all partition functions associated to elements 
of this generating set coincide. □ 

Now, the sum (13. ip over all boundary conditions with a fixed plane effectively shrinks to a 
sum over the generating elements, provided that the integration domain of the integral of 

rp.p/i 

Bn over Rt in (ED) is extended to Rr = Ulli M^r- We will need theorem [lH] later to 
perform the discussion of the threshold corrections to all abelian toroidal orbifold models 
with arbitrary discrete Wilson lines, without having to assume a certain model. 



In this section, we are going to formulate the problem of computing threshold corrections 
in orbifold models more precisely. In particular, we will consider the inclusion of discrete 
Wilson lines, not discussed in earlier work, so far. We show how this influences the various 
momenta and winding lattices. It will turn out, that the Wilson lines do not change the 
orientation of the fixed planes but twist them in a sense we will specify precisely. 

The starting point of the computation of the moduli dependent part of one-loop gauge 
threshold corrections is given by [7] [8] [9] 



Here O denotes all boundary conditions on the world sheet which admit a fixed plane, 
i.e. the J\f = 2 sector of the orbifold model. The partition functions Z^~J'^°^{t) associated 
to the boundary conditions {g, h) are integrated over a fundamental domain of F and the 
regulator R is given by 



3 General Setup and Characteristic Numbers 





(3.1) 




(3.2) 
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Aq is a modular invariant function. 

It should be stressed that b^a'^^ is not modular invariant, although it seems to be a con- 
stant. Under a modular transformation G F it transforms as 

V h'f^^^ = . (3.3) 

Here, 

lim Bjf''''> = 6(3''*) (3.4) 

and the definition of Ba can be found in [7], [Hj. It should be noted, that the fei^'^^ 
correspond to the beta function coefficients of the theory, see the references for more 
details. 

Furthermore, we denote the contribution of all states obeying boundary conditions {g, h) 
to Ba by Ba'^'' ■ In [7] and [8] it has also been shown that 

Equation f l3.5p and the fact that 

45L^?^5"(^) = 1 (3.6) 
can be used to express ba*^^''^^ through b^a''^\ 

Theorem 12.91 states that O is closed under SL(2,Z). Since O is closed under SL(2,Z), 
it is clearly closed under modular transformations F = PSL(2, Z). Here PSL(2,Z) is 
constructed out of SL(2, Z) by identifying matrices V and —V. As a closed set it is a 
unique disjoint union of minimally closed sets Ok, which is guaranteed by proposition 
12.121 Every minimally closed set Ok contains an element of the form Xk '■= (l, ^'*), where 
6'''' leaves exactly one plane fixed here, cf. lemma 12.101 By definition 12.181 there exists a 
generating set Oq^^'"'^ {xk, F'^,) which contains x^ = (l, 6*''-') . This holds true for any finite 
index subgroup F'^ of F = PSL(2, Z). Later it will be convenient to choose the symmetry 
group of Z^^^"^°°P(r) as F'^. 

Using equation (12.211) , theorem 12.1 71 the invariance of the hyperbolic measure under 
Moebius transformations as well aCl 

i?r^ = U MtRr (3.7) 

1=1 



^Here, M^Rr means the action of the modular transformation on the fundamental domain i?r C H+ 
as a point set. 
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for a coset decomposition 

[r:r',] 

r= U T'Mt, 

1=1 

it foUows that 



(3.8) 



[PSL(2,Z),^:(ri)J . 



T2 



EE 

k 

E 



1 



tr [PSL(2,Z),^:(r,). 
1 



E 



Im(M;r)i3(f''')(M/ 



Oa / 2 ^^^{g,h) 



(r) (3.9) 



The change of boundary conditions acts essentially on T2Ba- The proof of theorem 12.91 
shows that each element of a minimally closed set which contains Xk = {1,9'''') leaves 
the same plane invariant as (l,^'*). According to theorem 12.191 all partition functions 
associated to * r'^/(r'^)^^ = (^^^^(2'^) ((1,6'''=) , coincide and (13. 9p simplifies to 



Aa+R = J2 



[PSL(2,Z), :(r'J., 



li9,h)^^k*ryir'j,^ J r^, 



The sum in front of the integral can be determined under the assumption that one-loop 
gauge threshold corrections have to be finite. For convenience, we write this Ok dependent 
constant as 



1 



[PSL(2,Z),^:(F',).,: 



J2 bi^''^ = AiOkMOk 



with 



9,h) 



(3.11) 



(3.12) 
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Now flarrol) yields 



^2 2 ^ 

d T ^1-loop' ^ f d T 



(3.13) 



So, we have expressed one-loop gauge threshold corrections by an integral of the partition 
function which is associated to a special element (1,6'''=) over a fundamental domain of 
any symmetry group of this partition function. We assumed this symmetry to be of 
finite group index in F, since we will only be interested in such groups. But what are 
the symmetries of T2 Z|^~^°°^(r)? We will answer this question when we have obtained a 

concrete form of the partition function, later. 

The partition function associated to certain boundary conditions is by definition given by 
a sum over all states which obey these boundary conditions. In [8] and [7] it has been 
shown that only boundary conditions which leave exactly one plane invariant contribute 
to Aa. Therefore, it suffices to look at an invariant sub- lattice — the fixed plane — of the 
lattice of all states. 

Our next step is to construct these invariant sub-lattices. For that purpose we need a 
representation of the twist in terms of a lattice basis of the (complete) lattice of states. 
This representation of Q is given by Q G SO (6) with = 1 for some A^, which we call 
the order of the twist. Let us denote the quantum numbers of all states by w, p and /, 
where w E li^ denotes a vector in the defining lattice of the theory, the compactification 
lattice, p G denotes a momentum vector, out of the dual lattice, and / G denotes 
the momentum in the additional Eg x Eg latticej^ All these vectors are written in a 
basis of the corresponding lattice. We combine them into a tuple of quantum numbers 
u := {w,p,l) G Z^®. They are connected to the corresponding left- and right moving 
physical momenta of the string via 



(3.14) 

P/? = ( I - ( g + b + l^' CAj w - ^A' Cl , ^ 

with C denoting the metric on the root lattice under consideration and A G Q^^^^ being 
the matrix of discrete Wilson lines. The matrices g and b denote the metric tensor and 



= ( I + (^g - b - -A^ CAj w--A'Cl,l + Aw] and 



^Although we will focus on the x £'§ heterotic string, the discussion of the SO (32) heterotic string 
follows analogously. 
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antisymmetric background, which are the most general symmetric and anti-symmetric 
matrices compatible with the orbifold twist [19] 



Q''gQ = g ^ Q^hQ = b 

rp and rp (3.15) 
g = g b = -b . 

To search for the invariant subspaces, we need to give the action of the orbifold twist on 
the quantum numbers u. It is given by [20j 

Q 

Q = { e Q* il-Q*)A^C I , (3.16) 



.A{t-Q) 1 



with 



^.1^TC^,1_0)+1(1_0.)^TCA and Q- (Q-r = SQS-' . (3.17) 

Therefore, we search for powers of / such that (integral) solutions of 

Q^u = u (3.18) 

exist and want to determine them. To perform this task it is useful to have a closed 
formula for Q'. It can be constructed if we diagonahse Q. For that purpose we define 

w:=w, (3.19) 
P:=p-]^A^CAw - A^Cl and (3.20) 
i:=l + Aw. (3.21) 

Then a new operator Q, which exactly corresponds to Q, acts on -u := (w,p, /) by 
0' 

Qu=\0 Q* I I p I . (3.22) 




1^ 
A simple calculation shows that 

10 

u = nu and Q = nQn-\ with n={-^A^CA 1 -A^C \ . (3.23) 

AO! 
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Furthermore, it is easy to verify 




= I 1 A^C I . (3.24) 



If we use Q'' = QQ'^Q ^ we get 



/ g^' 

e (Q*)" (1 - (Q*)') A^C I , (3.25) 

\A (1 - g'^) 1 



where 



= l^^CA (1 - g^) + 1 (1 - (g*)^) A^CA . (3.26) 

The system of equations fl3.18p now reads 

Q'^w = w , (3.27) 

Ia'^CA (1 - g'^) + 1 (1 - (Q*)'^) A^CAw + (g*)'p + (1 - (Q*)") A^Cl = p , 

(3.28) 

A{l-Q'')w + l = l. (3.29) 

Examining these equations, we can immediately observe that the power of the twist which 
leaves one plane invariant does not change if we allow for discrete Wilson lines. The power 
is completely independent of them. But the concrete form of the sub-lattice will change. 
If a power of the twist admits a fixed plane, this plane can be parameterised with two 
real variables. Since we are interested in the sub-lattice which lies inside this plane, 
we can parameterise this sub-lattice by two integral valued variables. So, from a more 
physical point of view, the position or orientation of the fixed planes within the winding 
and momentum lattices remains unchanged by switching on Wilson lines. However, non- 
vanishing Wilson lines do deform the lattices. 

Because (13.1 p is a sum over boundary conditions which admit a fixed plane, it follows that 
(I3.27P is solvable and can be parameterised by two integral variables (ni,n2) G via 

w = W- (^^j where W e Z^^^ . (3.30) 
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Then (]3.28p and (]3.29p simphfy accordingly to 



(1 - (Q*)') (^^A^CAw + A^Cl^ = (1 - {Q*)') p 



I = 1. 



(3.31) 
(3.32) 



Equation (13.321) is always true and (I3.3ip can be solved by applying GauB' algorithm, in 
which we only add and subtract multiples of one row to another. Since the right-hand 
side of (I3.3ip contains rational numbers only, the result of the algorithm will be a (linear) 
sum of rational multiples of the variables of w, I and two additional variables mi and m2, 
which are present since we look at a fixed plane in the dual lattice. Now this parameterised 
object has to be a subset of the original lattice, which corresponds to the fact that all 
components of p which solve (I3.3ip have to be integral numbers. Since {w,p, I) = (0, 0, 0) 
is a special solution of equations (I3.27p . (I3.28P and (13. 29 p . the theory of linear Diophantine 
equations tells us that the most general solution {w,p,l) is given by. 

Tlx 

h 



L- 



where L G Z 



20x20 



(3.33) 



We have gained a solution of the system of Diophantine equations (13.270 to (I3.29p . They 
determine the hatted variables uniquely. Let us observe that (13.310 can be written as 



(1 - (Q*)') (^p - ^A^CAw - A^Cl^ = ^ (1 - (Q*)') p = 0. 



(3.34) 



Obviously it is more natural to view w, p and / as fundamental variables, since they 
transform as ordinary winding, momentum and lattice vectors under the action of the 
twist. In these variables the left and right moving momenta read 



Pi = 1 I + (g - b) u) , / ) and 



Pr= 1 I - (g + b) ti) , 



(3.35) 
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This expression is formally the same as it is without Wilson lines. Recall that in this 
case the additional sum over the Eg x Eg lattice can be absorbed into the beta function 
coefficients as was shown in [8]. 

This can be understood from a physical point of view. The Eg x Eg momenta do not 
influence the partition function of the internal manifold, but they do influence the gauge 
degrees of freedom, hence, the beta function coefficients. Therefore, all information needed 
from the Eg x Eg lattice is already encoded in the computation of the beta function 
coefficients. 

For the following argumentation we need 

{aixi + a2X2 + . . . + anXn\xi, . . . , e Z} = {gcd(ai, . . . , an)k\k G Z} , (3.36) 

for given ai, . . . , a„ G Z. This can be seen if we observe that c = aiXi + a2X2 + . . . + a„a;„ 
is solvable if and only if gcd(ai, . . . , 02) divides cj^ 

Now if we solve (13.341) for p we get as a solution a plane lying in the six dimensional 
space representing momentum vectors. Its parametrisation is given by the one which we 
would have gained if there were no Wilson lines present. Therefore, if we put the solutions 
w, p, and I into (13.341) we get, using above argument, some sub-lattice of this plane. It 
differs from the intersection of the plane which solves ( 13.34p with the lattice Z^, which 
corresponds to all quantized momenta. Sometimes it can happen that the sub-lattice not 
only contains all points of this intersection, but even more, i.e. the momentum p becomes 
fractional. In that sense Wilson lines deform the lattices and if we switch off the Wilson 
lines, the lattices will be of the shape as it has to be without them. 

Next, we will show that the hatted momentum and the hatted winding lattice can each 
be parameterised via two integral variables!^ 

Solving (13.271) . (I3.3ip and (I3.32p for vanishing Wilson lines results in a fixed plane in 
momentum space and a fixed plane in winding space. Let us parameterise the former 
through two integral variables mi, m2 G Z and the latter through ni, n2 G Z. Switching 
on the Wilson lines results, with the condition of p being a vector in Z^, in a deformation 



This can be seen as getting all equations when going through all possible solutions. 
'Above they were parameterised by twenty integral variables. 
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of the variables according t 



rii 
n2 



dw 
/3„ 



h 



with M„ e l?""^^ and 



(3.37) 



mi 
m2 



Op 

/3p 



with MpGZ^^^o 



(3.38) 



( 

ni 
/i 

V/i6/ 

Here, ni, n2 parametrise the hatted winding lattice, whereas mi, m2 parametrise the 
hatted momentum lattice (both in the presence of discrete Wilson lines). The diagonal 
matrix is chosen such that and My are integral, indeed. The entries in their rows 
are relatively prime to the entries in the same row. Thus, we can state that h\ takes all 
values in ajl^. If and hx have no variables in common, it immediately follows that 
n2 takes all values in /3^Z, independently of hx. If they have common variables, let us 
express one of those variables in terms of fii/aw ='■ n[. Thus, a possible parametrisation 
of the lattice given by fl3.37p reads 



Til 

n2 



aw 
13^ 



1 Oi 



xl7 

M' 

w 



h 



(3.39) 



with Ci G Q, 0ixi7 being a 1 x 17 matrix of zeros and M' G Z^^^'''. Furthermore, let 



M' 

w 



(4 



•^18 ) ) 



(3.40) 



where Cg, c\ 



c 



18 



e Q. 



^^Note that, although w = w, the condition of p e in equation (|3.34p causes an interdependence 
oi w = w and /. Therefore, the solution for w depends, in general, not only on ni,n2 but also on 
h, ■ ■ ■ , he- 
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Let us denote the greatest common divisor of rational numbers a, 6 G Q by the rational 
number c, so that is the lowest rational number such that ac~^ G Z and hc^^ G Z. 
Its concrete form is given by 

Proposition 3.1. For a = u/v G Q, 6 = x/y G Q and gcd(u, f ) = gcd{x,y) = 1 it holds 
'u x\ gcd(u, x) 



gcd 



v' y J lcm(t>, y) 



(3.41) 



Proof. One can prove this statement as follows. Since the right hand side of (13.411) clearly 
divides both a and b, it follows that the right hand side of (13.411) also divides gcd(a,6). 
Hence, there exists a k E li such that 



gcd 



u X 



k 



gcd(M, x) 



y y J lcm(f , y) 

which yields 

u lcm(f , y) ^ , 
- ■ — G Z and 

V k gcd(M, x) 

This is equivalent to 

u lcm(t>, y) 



(3.42) 



X lcm(t',?/) 
y k gcd(M, x) 



G Z. 



(3.43) 



k 



gcd(u, x) 



and k 



X lcm(t>, y) 



gcd(u, x) 



y 



(3.44) 



Using gcd(f , y) ■ lcm(f , y) = v ■ y and gcd(n, v) = gcd(a;, y) = 1 we infer that k\l and the 
statement is true. □ 

Now let us define /3'^ := gcd(c'^, C2, . . . , c'^g) and q := c'J (3'^ G Z for z = 1, 2, . . . , 18. Then 
the lattice parameterised by (13.391) can be written as 



rii 
n2 



aw 




1 

Cl C2 





C18 



k 



(3.45) 



Our next step to show that the winding lattice and the momentum lattice can each be 
parameterised via two independent integral variables is 
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Proposition 3.2. The lattice {(2/1,1/2)} given by all pairs 0/(^/1,2/2) with 



2/1 \ / xi 

,2/2/ \.CiXi+ C2X2 + . . . + CnX, 



with Ci, Xi E 1^ , n>2 (3.46) 



can be parameterised via two integral variables, i.e. 
there exist Ci,C2 € Z such that 

^ ^ ]:x,ez\ = {(_ ]:xi,xez\ (3.47) 

C1X1+C2X2 + ■■■ + CnXnJ J 1^ \Ci Xi + C2 X/ J 

Proof. We have to show that there exist Ci , C2 € Z such that for all X2 , 0:3 . . . , x„ G Z 
there exists one x G Z in such a way that 

ci zi + C2 a;2 + . . . + c„ a;„ = ci zi + C2 X (3.48) 

independently of Xi. If we look at the difference of the left hand side and the right hand 
side of equation fl3.48p and use the lemma of Bezout, it becomes clear that we have to 
choose ci = ci and C2 = gcd(c2, C3, . . . , c„). This proves the proposition. □ 

Let us apply this proposition to f l3.45p . The momentum lattice can, therefore, be written 
as 

ni\ ^ fay, ^ V Z' ^'1 
n2j \0 f3^f3'^J \cih[+gcd{c2,Cs,...,Cn)n'^, 

1 y (< ' 

ci gcd(c2,C3, . . . ,c„)y \h'2 

Observe that gcd(c2, C3, . . . , c„) = 1 for n > 3 and C2 for n = 2. Hence, we have shown 
that we can always parameterise the hatted winding lattice with two variables. To achieve 
this we had to redefine the variables of the hatted momentum lattice and of the Eg x 
lattice. Next we have to express ni, n2, /i, . . . , /le in terms of these new variables. This is 
clearly possible. Then we can apply the same argumentation as above to show that the 
momentum lattice can also be parameterised via two integral variables. Altogether, we 



aw 


















(3wl3i 
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can state that there exist matrices Ay^, Ap G Q^^^ and Ai G Q^®^^^ such that 



w = W-(^}] = W-A. 



p = P 



n 
nil 

1712 



P-Ar, 



j ) , for n'l, 77-2 G Z 

2y 



1 

/ ; ' 

2. 



for m[ , m'g G Z and 



12 



A,- 



for /;,/^,...,4eZ 



(3.50) 

(3.51) 

(3.52) 



parameterise the fixed planes for non-vanishing Wilson lines. Here, W and P are defined 
in such a way that they parameterise the fixed planes in momentum and winding lattice 
for vanishing Wilson lines (cf. eq fl3.30p ). It is crucial that we can choose variables such 
that all lattices decouple from the other two lattices. In particular, this allows us to 
absorb the sum over the Eg x Eg lattice into the beta function coefficients. Later we will 
see how to deal with these matrices. 

To write down the moduli of the lattice, we have to firstly construct a metric and an 
antisymmetric tensor through fl3.15p . Secondly, we have to construct the projection of 
the metric and antisymmetric tensor field onto the constructed sub-lattice w. It is uniquely 
defined in terms of w, g and b via 



gw = (rii 712} • fl'"'" • ( and 



ilFhw = (ni ^2) ■ 6"' 



(3.53) 
(3.54) 



where g-^ is symmetric and b-^ is antisymmetric. Since b-^ is an antisymmetric 2x2 matrix, 
it follows that it contains only one independent entry, which we also denote as b-^. Given 
the metric and the antisymmetric tensor in the fixed plane parameterised by w, we can 
write down the moduli of this planj^: 



T = Ti + iT2 = 2(h^ + i^detg^) and 
[/ = t/i + if/2 = ^ fg^2 + i\/d^ 



ill 



(3.55) 
(3.56) 



^^We work with the convention a' = 2. 
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It is important to note that the moduh of the fixed plane do not change if we switch 
on discrete Wilson lines. This is true since the power of the twist and the real two- 
dimensional vector space which contains the fixed plane (the integer variables considered 
as real ones) remain unchanged. 

Now we are able to evaluate the one-loop partition function associated to the bound- 
ary conditions (1,6''*). In the following we will need certain tools, whose derivation we 
postpone until chapter H] where their careful development does not disturb the line of 
reasoning. 

Let denote the lattice of all states in momentum space and (A^)"*" the invariant sub- 
lattice. Then the general expression for the partition function which is associated to 
(1,6'''=) is given by [19] 



E 



(3.57) 



pe A* 



Without discrete Wilson lines this can be simplified by putting (13.35p . f l3.55p and fl3.56p 
into fl3.57p and using the Smith normal form (SNF) (cf. theorem 14. 7p of the matrix -W . 
This would result in a partition function 



i-no-WL / 



E 

n \ ,71-2 

X exp 

= E 



-^2m t{7i mini+72 m2n2) 



7rr2 



(1 f/0-^-(Y) 



(3.58) 



with 71I72 G Z, T' and V being determined by the SNF and 



A = {^^ ^^^^ ^ 
n2 -limi ) 



rii 
n2 



1 
-1 



71 
72 



rui 

1712 



(3.59) 



If we allow for discrete Wilson lines, we have to sum over all hatted variables which give 
integral momentum p, instead of all unhatted variables in fl3.58p . We showed that this 
results in a redefinition of momenta and winding according to equations f l3.50p - f l3.52p . 
Inserting this redefinition into fl3.59p yields 



A — A,, 



ni 
n2 



+ 



1 
-1 



72J 



mi 

1712 



(3.60) 
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Let us denote the greatest common divisor of the entries of and Ap by and Up, 
respectively. Then A'^ := Uw~^Ayj and A'^ := Up^^Ap are both integral matrices. Equation 
(13.601) can now be written as 

Using theorem 14.71 and the discussion below this theorem, we can infer that there exist 
two matrices Pi, Qi G SL(2, Z) and a diagonal matrix Di with integral components, such 
that A'^ = Pr^ ■ Di ■ Qi-\ Then flCTjl is given by 

Using the discussion below equation (14.1161) . the prefactor Pi~^ results in a modular 
transformation of U and, again, we should redefine summation variables ni,n2 G Z, 

C/"^(Pr')'C/'. with *)':^(^ (3.64) 

For a general m x n matrix A it holds in analogy that {A^)ij = A„+i-j,m+i-i- Observe 
that -1? = 1? for G SL(2, Z). If we use S M S'^ = 'm* for any'z^x^, we arrive 
at 

Replacing A by A' in (13.581) and using the discussion below equations (I4.96P and (I4.97p . 
we can deal with the diagonal matrix u^Di, which has rational entries. Hence, we set 
UwDi =: diag(ai,/3i) and rescale the moduli according to 

Ti — >T' = ai(3iT (3.66) 

U" ^ U'" = ^U" , (3.67) 

ai 

then the matrix A in (I3.58P is replaced by 

::), (3.68, 



32 



where n'j^, n'g, mi, m2 G Z. By construction it is true that 
A'' := D, ■ Pi* 



72/ ^ 



(3.69) 



Thus, again by theorem 14.71 and the discussion below this theorem we can infer that there 
exist two matrices P21Q2 ^ SL(2, Z) and a diagonal matrix D2 with integral components, 
such that A" = P2~^ ■ D2 ■ Q2'^ and equation (I3.68P can be expressed as 



13 



A" = P/ 



nil 
m2 



(3.70) 



Again, we redefine the variables of the momentum- and the winding-lattice, as well as the 
[/'"-modulus, 



= P2 



n'l 
n'' 



T\ H T Till 

n' 



and 



vrir 



1712 



If we now define UpUm D2 =: diag(7, 6) we arrive, finally, at 
A'" -- 



n'^ 0)^ ■ I 5 r 1 m'2 



(3.71) 
(3.72) 

(3.73) 



(3.74) 



Therefore, there exist 7, 5 G Q such that the partition function for non-vanishing Wilson 
lines can be written as 



^2ni t(7 m'^n"+5 mjrij ) 



(3.75) 



X exp 



7fT2 



\ru"" + T' rii - 7 mi U"" + 5 m2 1 



We will look at a more general case. We assume that the most general form of the partition 
function reads after Poisson resummation (omitting the primes) 



1— loop / 



10 



'2TTiTdetA ^2 



7(5 



exp 



7rT2 

r2f^2 



(1 ^)^(;) 



(3.76) 



i^Remember SAS~^ = A* = (^"^) for a matrix A. 
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where 



aril 



rii, 77,2, /i, /2 e Z > with a, /3, 7, (5 G Q . 



(3.77) 



This expression allows us to examine the set of possible symmetries V of the partition 
function which is associated with (1, 6''''). In principle, the concrete form of the symmetry 
won't be necessary for the computation of one-loop gauge threshold corrections. The only 
fact which will be of importance is that there exists a symmetry T'. We will prove its 
existence by constructing it explicitly. 

Let us examine a modular transformation P G F on the variable r in (13.761) and let P as 
a transformation on r be represented as 



Pr 



a b 
e d 



with ad — be = 1 . 



Then the associated modular transformation is given by 



^'l-=2(™5(r)j: 
E 

E 



T-2 



r^l — loop 

72 ^I'l ah 



ar + b 



(3.78) 



(3.79) 



27ri TdetA ^2 
7(5 



exp 



TT T2 |cr + 



T2^2 



(1 U)A 



ar+b 

CT+d 

1 



E 



T2 


exp 


7rT2 


75 


T-2 f^2 




exp 


7rT2 


75 


^2 t^2 



(1 c;)A 
(1 c)-4(;) 



a 6 

c d I \1 



Therefore, a modular transformation on r is equivalent to a multiplication of any matrix 

main c 

^1— loop / 



of ^M]^ with P from the right, which means that we replace the domain of summation 



"Mj by ^Mj ■ P. Hence, the invariance of the partition function T2 Z^^^ ^gil^i'^) fulfilled 



if 



PA].P='^]. 



Let us write 

fa 7 
U 6 



Ua H7 
Va t 

f/3 1'* 



(3.80) 



(3.81) 
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with gcd{ua,Va) = gcd{ui3,Vfj) = gcd{u^,v^) 
tioned multiplication reads 



gcd{us,vs) = 1. Then, the above men- 



1-2 1/. 



Us 



a b 
c d 



Ua 



riia + 



f/3 V Up us 



he 
he 



Vs_ I '^s "f-p 

Us \ Vs Vfj 



-nib + hd , 
n2b + hd , 



(3.82) 



and, therefore, 
u := 1cm 
fi := 1cm 



icd{us U,3,Vs Vfi) 
Up Us 



b and 



gcd(Ma M^, Va V^) ' gcd(M/3 Us, Vs) 

Thus, we can read off 

r' = r(/x,z/):=ro(^)nr°(z/). 



(3.83) 
(3.84) 

(3.85) 



We will compute the integrals fl3.13p (with the partition function given in fl3.76p ) by 
successively reducing the cases of (a, /3, 7, 5) via rescaling of the moduli T and U . Firstly, 
we will reduce the case of (a, /3, 7, 5) G Q'^ to (1, 1, 7, 5) with 7, 5 G Q. This will turn out 
to be equivalent to (1, 1, A7, X5) with A G Q and 7, 5 G Z. Secondly, we will reduce the 
case (1, 1, A7, A5), if 7 < 5, to (1, 1, A, A75) and, if 7 > 5, to (1, 1, A75, A) . Thirdly, we will 
reduce (1, 1, A, A7(5) to (1, 1, 1, 7^) and (1, 1, A75, A) to (1, 1, 7^, 1). All these reductions 
will require different lines of reasoning. 

Altogether, we can state that the problem of computing one-loop gauge threshold correc- 
tions in heterotic string theory compactified on an arbitrary (abelian, toroidal) orbifold 
(allowing for arbitrary discrete Wilson lines), is solved by evaluating integrals of the form 



X exp 



7rT2 

T2 U2 



-27riTdct A 



75 



(1 u)a(1 



d^ 



(3.86) 



Rr 



with '^AJ being a constant that forces fl3.86p to be finite. This constant will be determined 
later. 

In the remainder of the work we will, therefore, be concerned in developing a method of 
how to deal with a generic integral of the type f l3.86p . 
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4 Computation of Threshold Corrections 



In this section we will compute the Integrals of the form ( 13.86^ . We will begin this issue 
by computing the case a = /3 = 7 = 1 and 5 G Z. Afterwards, we will show that this 
result is already enough to compute threshold corrections, because it is possible to reduce 
the general case a, /3, 7, 5 G Q to the case a = /3 = 7 = 1 and (5 G Z. This will be done 
in three steps. 



4.1 Computation in case ofa = /3 = 7 = l and (5 G Z 

Let us begin with the computation of In the case under consideration we can deduce 
from equations f l3.83p to f l3.85p that the symmetry of T2Z°^'^^^°"^ is given by T' = To{S) 
and that the integral is given by 



i/,^(T,f/)= \A' 



R 



-2mTAetA ^2 



X exp 



vrr2 

T2 U2 



(1 t')^(l) 



T2 ■ 



Rt 
iT\/ri 



Furthermore, let us parameterize the matrices A G ]^Mj as 
A -- 



ni k 

The main result of this subsection is given by 

Theorem 4.1. Let \Ig be given by (14.11) . Then it holds that 



llKT,U) = -\A]J2lCKd) 

d\5 



In 



d 



V 



U2 
d 



where 



+ In 



(4.1) 



(4.2) 



i vre 



1-7E 



3v/3 



(4.3) 



1 



icKd) = n 

p|dAp| I ApeP 

1] denotes Dedekind's eta function 



and IA_ 



1a1 

5 



d\5 



(4.4) 
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Remarks. 

• Note that in the sums above, d runs over all divisors of 5, not only its prime factors. 
Or in other words, d runs over all possible integer numbers which can be constructed 
from 5 by omitting one of its prime factors. In particular, the set of all divisors d 
always includes 5 and 1. 

• The product in the definition of \Cl{d) is understood to give 1 if there exists no p 
fulfilling the condition p\d A p || A p G P. 

• Since In ^ ^ ^3^^^ j independent of d, we could have also evaluated the sum over 
it: 

by definition of lA]. However, the given form has a more apparent relation to the 
case 6 = 1 and we chose it for later convenience. 

The proof of the theorem requires several lemmas, which we have to develop first. They 
will provide the technical tools to compute ( 14. ip . The concepts we will be using can be 
summarised as 

1. The domain of integration is the fundamental domain of a modular subgroup. 

2. A matrix multiplication A ■ P corresponds to a modular transformation on r. 

3. Imposing divisibility of I2 by a prime factor of S results in a reduction 6^6' with 
6'\6. 

4. Imposing non-divisibility of the reduced I2 by a prime factor of 6' results in an 
integral which can be computed directly using the reference integral. 

5. There exists a reference integral to which everything can be traced back. 
These points should be clarified. 

The integrals we wish to compute look similar to the ones solved in [S] , which correspond 
to the case a = /3 = 7 = 5 = l. However, several kinds of new problems arise. 

Firstly, the domain of integration is no longer the fundamental domain of F but the 
fundamental domain of a subgroup Fo(5). This problem already occurs in models with 
vanishing discrete Wilson lines, where the fixed planes do not lie in a two-dimensional 
sub-torus of the torus lattice. Thresholds for such models were considered in [9], where 
the cases (a, /3, 7, 6) = (1, 1, 2, 2), (1, 1, 1, 3) and (1, 1, 2, 1) occur. There, the problem with 
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the domain of integration was solved by explicitly constructing the necessary fundamental 
domains -Rro(2)5 -Rro(3)- more general cases (in particular if 6^F), the construction of 
i?ro(<5) is a difficult and complicated task. Furthermore, knowledge of the value of 6 is 
necessary and the computation of (14.11) would have to be performed individually for every 
model at hand. Therefore, we choose to use a method which only applies the defining 
properties of a fundamental domain (point 1 above): 



Secondly, we will use that multiplying A in (14.11) by a matrix P from the right can be 
reinterpreted as a modular transformation Pr acting on r (point 2 above). Using this fact, 
the set of matrices we sum over can be decomposed into orbits under a modular subgroup, 
giving contributions of the zero matrix, the set of matrices with non-zero determinant and 
the set of non-zero matrices with vanishing determinant. 

Thirdly, in [8] the summation has to run over all integer matrices, while in our case the 
summation runs over special matrices fulfilling certain divisibility conditions. This causes 
a naive application of the method in ^ to fail for our case. However, in the present 
work we will develop several methods to express the sums over matrices with divisibility 
conditions as sums without divisibility conditions (points 3 and 4 above). Hence, we can 
trace back the most general case to the case solved in reference pj (a = /3 = 7 = 5 = l) 
which provides the mentioned reference integral (point 4 above) and will act as a building 
block in the final result. 

The first lemma that we will need to prove theorem 14.11 provides the reference integral, 
in particular the case a = /3 = 'j = 6 = l. It's proof can be found in the literature and 
we won't repeat it here. 

Lemma 4.2. Let \ll be given by (14.11) with 6 = 1. Then it holds 



1. ro(5)i?ro(5) =H+ and 

2. Vri,r2 e RroiS) : VP G Toi5) : P n ^ 



\ll{T, U) = h{T, U) + /2(T, U) + /3(T, U) 




ln(r2 \ri{T)tU, \r^{Ut) , 



(4.5) 
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with 



fi 



Rr 



oo oo 



2 exp —\kT + J +pUY 



and 



-1/2 



/3 



(iri 



(ir2 



exp 



7rT2 
r2 U2 



\j + Up\'\-T2en^iT) 



(4.6) 
(4.7) 

(4.8) 



-1/2 
/or allT,U e H+. 

Proof. The proof of this statement can be found in reference [8J. □ 
Remarks. 

• The fi decode the different contributions of orbits to \ll (T, U) . 

• The first integral is given by the contribution of the zero matrix, the second by all 
matrices A with non-vanishing determinant, which can be written as 



(4.9) 



and the third integral by all non-zero matrices A' with vanishing determinant, which 
can be written as 



The results for f\, f2 and /a read fi 

/i = ^T2 = -4i?elne^-^^^, 

00 

/2 = -4i?elnJ](l-gT") , wh 

n=l 



(4.10) 



ere qx = e^'^* ^ , and 



/s = -ARelnriiU) - ln(T2 U2) - In 



1-7B 



3^3 



(4.11) 
(4.12) 

(4.13) 
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• Note that 

\ll{T, U) = - \A\ i^l(^) ^/^) ■ (4-14) 

d|<5 

Our method will rely on the following observation: If we look at a matrix 

frii li\ 

and run through all h & then, inevitably, we will hit all integer multiples of 5: I2 = n6 
with a n e Z. The contribution of all these matrices will look like the case S — 1, which 
is our reference integral. 

However, what about the missing contributions? To incorporate them, it will be useful 
to look at all integer multiples of divisors of 5. To see this, let d\S and have a look at all 
matrices where I2 — nd with a n e Z. Then, these matrices look like 

so they look like the contribution of the smaller integer number 6/d instead of 6. Hence, 
all the divisors of 5 fractionise the matrix sum into matrix sums corresponding to smaller 
integer numbers, which we will call the reductions of 5. Of course, the method can be 
reapplied to those reductions again yielding smaller reductions. After finitely many steps 
we will get several contributions which look like the 6=1 case. 

Still, we are missing those integers k which are not divisible by any prime factor of S. 
However, we can use an elementary trick to incorporate these in a similar manner as 
above. If the partition into prime factors of 5 is given by 

S = Sl' -S^' ■ C (4.15) 
then the contribution of matrices not fulfilling any divisibility conditions is 

5i//2A...A5,//2. (4.16) 
However, we can write 

5i J(kA. . .A5n J(k = (all k) \ -(5i J(kA. . .A6n J(k) = (all k) \ 5i| /2V. . .V5„| k , (4.17) 

where we used -^{A A B) = {^A) V {^B). These contributions can then again be written 
in terms of contributions k = ^d with d\d. 
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Now, let us convert these ideas into practicable lemmas. Lemma 14.31 will treat in detail 
the mentioned reduction of contributions I2 = nd with d\6. Afterwards, we will formulate 
lemma 14.41 which establishes the precise connection of idea fl4.17p to the sums we wish to 
compute. Finally, lemmas 14.51 and 14.61 show how to reformulate the contributions of the 
different orbits as sums of reductions of 6. 



We start with 

Lemma and Definition 4.3. Let 

d^r 



1-^5 



R 



ro(i) 



27riTdet A ^2 



exp 



7rT2 

T2 U2 



(1 u)a(^^ 



(4.18) 



and 



}lMi 



^2 jk 



I2 = dlL ni, n2, /i, /n ^ Z 



where d\5. If we denote the contribution of all matrices A G ilM^|^ by j^Z^|^(T, U) it holds 
that 



d 



ixl(r,f/) 

d 



(4.19) 



with [Tq : ro(5)] being the index ofTo{6) in Tq (^), 



Proof. To prove this lemma, look at the contribution of all matrices with I2 = dl'^ and 
d\6to (SI]). It is 



A' 



ni h 
n2 ll'. 



ni h 
n2 Tl'2 

d 



(4.20) 



Since Tq[5) C Fq (^) it follows that Rtq^s) 2 -^ro(^) ^^^^ 



R 



ro(5) 



[ro(|):ro(5)] 

U ^^^ro(i) 



(4.21) 



k=l 



and Mk e Fq (J). Inserting (KW\f into dH]) yields an expression, which is invariant under 
Fq (^). Using this fact and factoring out 1/d oi this expression yields equation (I4.19P and 
the lemma is proven. □ 
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Now we make the idea (I4.17P more precise and applicable: 

Lemma and Definition 4.4. Let 6 = ^i""' ■ 62''^ ■ . . . ■ ^n"^" and 5^') := ■ ■ . . . ■ 6i^ \ 6 

with 6i G P, be the product of a choice of I prime factors of 6. Moreover, let Ci{6) be 
the set of all possible products of choices of I prime factors of 6 and f some function on 
Z. We define Cq{6) := {1} and Ci{l) := {1} for all I and 6. Then it holds, at least as a 
formal sum, that 

E /(^) = E(-ir E (4.22) 

<5i|fcv...v5„|fc 1=1 sWeCiiS) kex 

Proof. We want to show that every number k which fulfills 6i\k V ... V (5„|A; has been 
counted once and only once in fl4.22p . To that end let us consider an arbitrary choice of 
prime factors 5*^'^ = ■ ■ . . . ■ . How many times has a number k which is divisible 
by (J'-'-', i.e. with prime factorization k = ^i/^'''"'^ ■ SiJ'^'^^ ■ . . . ■ Si/'~^^ ■ k', where all 5i j{k' , 
been counted by the right-hand sight of equation fl4.22p ? It has been counted (J) times 
by summing over all multiples of 5i^,all multiples of Si^,... and all multiples of 5^. By 
subtracting all multiples of di^di^, all multiples of 5j^5j3,... and all multiples of it 
has been counted —(2) times. In this manner k has been counted (—1)''^^ [j^ times by a 
choice of /' prime factors of 5^^\ Altogether k has been counted 

;)-Q+...+M)«(;)^i (4.23) 

times. Since fl4.23p holds for arbitrary choices 5^^\ lemma l47^ is proven. □ 

To clarify this lemma we consider an example. Let us assume that 5 = 2 ■ 3 • 5^ = 150 and, 
therefore, we want to compute a sum of some function f{k) over 2\k V 3|A; V ^k. Lemma 
14.41 states that this sum is given by 

E /(^) = E /(2^) + E + E 

2|feV3|feV5|fc k k k 

- E - E /(lO^) - E (4.24) 

k k k 

+j2fm)- 
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It should be mentioned that Ci{6) only depends on the prime numbers which divide 6. As 
an example consider 30 = 2 ■ 3 ■ 5 and 150 = 2 • 3 ■ 5^, which results in 



Co(30) = Co(150) = {1} 
Ci(30) = C:i(150) = {2,3,5} 
C2(30) = C2(150) = {6,10,15} 
C3(30) = C3(150) = {30} 

To give a procedure to sum over all matrices which satisfy Si //2 A . . -ASnJih, we formulate 
two lemmas. The first one enables us to sum over all matrices with non-vanishing deter- 
minant and the second one deals with all non-zero matrices with vanishing determinant. 

Lemma 4.5. Let 6 = ■ 62''^ ■ . . . ■ ^n""" and 5^') = ■ ■ . . . ■ 5i^, with 5i G P, be the 
product of a choice of I prime factors of 6. Moreover, let Ci{6) be the set of all possible 
products of choices of I prime factors of 6 and f some function on Z. Then it holds, at 
least as a formal sum, that 



E HA)^±i-i)' j: j: e f((l aIp) 

5iri2A...A5„yi2 fc>J>OAp/0 



(4.25) 



Proof. To prove this lemma, we use an immediate corollary of lemma 1131 With the same 



assumptions it ie^'^' 



E np) = J2^-iy E E^('^^'^-p)- (^.26) 



«iypA...Ain/p 1=0 5WeC,(5) p<^^ 



Let us define 



E E /((o i)-^)- (4.27) 



k>j>0 

and parameterise P according to 

^ a b 
, 5c d 

"u^h^^ J2 ...= E---- E 

(5i J'pA...A(5„ pez (Si I pV...v5„ t p 



P={L ^ ) • (4-28) 
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Then fl426ll implies 



E F(p) = ±(-rf Y f((l A}-p] (4-28) 



5iypA...Ai„yp z=o ^(OeC/W) fc>i>psz Pero(5) ^ ^ "5 

Thus, we have to show 



E ^(P)= E /(^)- (4.30) 



5iypA...Ai5nyp jM^AdetAT^O 
iiJ'!2A...A«„J'i2 



This is equivalent to prove that every matrix A G JM], with 5i//2 A ... A 5„//2 and 
det A 0, can be uniquely decomposed as 



Since arf — 5&c=l, we can infer that (using the lemma of Bezout) 5i)(d for 5i\5 and 
5i G P. Hence, it holds that 5j//2 for 5i\5 and (5j G P. To solve (14.311) . we multiply it with 
from the right. This results in the system of Diophantine equations 



(4.32) 



'k j \ _ fn-i li\ f d —h\ _ friid — li5 c lia — riih 
\pj \n2 ^kj \-5c a J \n2d-l2C i (/2 a -5^2' 

with ad — 6bc = 1. Let us look at the two-one component of (I4.32p . It states 

n2d-l2C = 0. (4.33) 

Because of gcd(5, ^2) = 1 it follows that gcd(n2,/2) = gcd((5n2,/2) and the most general 
integral solution of (14.331) is given by 

d = e — — — and c = e — — — , for e G Z . (4.34) 

gcd{dn2,l2) gcd(dn2,/2) 

Inserting equation (14.341) into ad — 6bc = 1 yields 
gcd(5n2,/2) 

l2a — dn2b= (4.35) 



Equation (I4.35P is solvable if and only if 
gcd((5n2,/2) 



gcd(5n2,/2) ^ ^. , ,^ gcd(5ra2,/2) , . 
E £ : k gcd{d n2, h) = (4.36) 
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<^ke=l^k = e = ±l 
Putting this into f l4.35p leads to 

ka- 6n2b = e gcd{6n2j2) (4.37) 
The lemma of Bezout tells us that the most general solution of (14.371) is given by 

Sn2 



= a — ■ 



and 



gcd(/2, 5 n2) 

h = b-e^ l\ for eeZ. 
gcd{l2,dn2) 



(4.38) 
(4.39) 



Where (a, b) is a special solution of (I4.37P which can, for example, be gained by the 
extended Euclidean algorithm. The other solutions k, j and p are determined by (14.321) 
and read 



k = rii d — li 6 c = rii e 



;cd{6n2,l2) 



She 



n2 



gcd((5n2,/2) 



5e 



detA 



gcd((5n2,/2) ' 
j = lia — riib + C,k and 

p = e gcd(5n2,/2) 7^ 0. 



(4.40) 

(4.41) 
(4.42) 



These numbers are integral by construction. Therefore, we have proven the existence of 
Aq and P in fl4.3ip . Next, we want to show their uniqueness if we require k > j > 0. 

Let now A; > j > 0. From k > we can infer e = sgndet A. Then j > implies together 
with equations (OOj) to 



li a — riib + C,k > = 

With J < it follows that 

li a — riib + k < k 
Hence, 

^min ^ ^ ^ ^min ~l~ 1 • 



nib -ha 



k + {nib-h a) 

k ~r ?n 



(4.43) 



(4.44) 



(4.45) 
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Together with ^ e Z we deduce that 



nib — ha 



gcd (021,022) 



(4.46) 



5|detA| 

where [■] denotes the ceihng functioij^. 

Now we define ao and 60 through ^0 via eq. fl4.38p and f l4.39p . It remains to show the 
independence of eq. fl4.38p and fl4.39p . with ^ = ,^0) from the special choice of solutions 
(a, b). To achieve this one has to keep in mind that + ^] = [x] + ^ for all ^ G Z. Let a 
and b be arbitrary solutions of f l4.37p . Then all solutions (a^, b^) to fl4.37p can be written 
in the form f l4.38p and f l4.39p . Inserting all these solutions into f l4.37p with ^ = ^0(0-, b) we 
obtain 



ao{a^,b^) := - ^o{a^,b^) e 



6n2 



gcd (5n2,/2) 



a — 



5 n2 



riib — ha 



gcd {6 n2, 12) 
riik- S 712 h 



a - ^o{a,b) 



6 I det A\ gcd{Sn2, h 
5 n2 



S\detA 

gcd((5n2,/2 



gcd(5n2,/2) - 

5n2 



gcd((5 n2, 12) 



gcd((5 n2, k) 



ao(a,6) 



Independence of 60 from the solutions (a, b) can be shown analogous and so the lemma is 
proven. □ 



Let us illustrate this lemma by assuming 5 = 2 ■ 3 ■ 5^ = 150 and, therefore, computing a 
sum of some function f{A) over 5i//2 A ... A Sn)(h, det A^O. Lemma H75l states that this 
sum is given by 



, ...n:^,.,, VV"2 150 '2// 



2ri2A3yi2A5yt2 



,712 '^1 5^2 
2yi2A3ri2A5yi2 



(4.47) 



B-D' E E E / 



1=1 



sinec^im ,>™^o ^-erodso) 



fSp 



P 
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[a] := min{n £ 
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-/ 
+/ 

-/ 



fe,i,pGZ pgro(150) 

fc>j>0Ap7^0 



/ 



A; j 



lloP 
A; J 

A; j 

30 
150 



■P 



— n 

" 1 50 



■ p 



k j 

/c j 
li^. 



■P - 



P 
P 



k j 
— n 

^ 150 ^ 



P1 + 
P 



Next we want to state the lemma which enables us to sum over all non-zero matrices 
A G \Ml, with 5i//2 A . . . A 6nJ(l2 and det A = 0, namely 



Lemma 4.6. Let 6 = ■ 6' 



^2 



and = ■ 



5i^, with 6i G P, be the 



product of a choice of I prime factors of 6. Moreover, let Ci{6) be the set of all possible 
products of choices of I prime factors of 6 and f some function on Z. Then it holds, at 
least as a formal sum. 



j: f(A)4,E(-^y E E E / 



Ag jM^AAT^OAdct ,4=0 
yi2A...Mn)fl2 



1=0 



J 
f P, 



■ p 



(4.48) 



The homogeneous space To(S) I (T) is defined by considering Pi,P2 G Tq{6) equivalent if 
there exists a m G Z such tha\^ Pi = ■ P2 . 

Proof. This lemma can be proven in a similar way as lemma I4.5[ We define a function 



Fip) :-- 



jez P6ro(5)/(T> 



^ez Pero(S)/{T) 






j 







5 


P 





J 







5(0 
.5 


P 



■ p 

■ p 



iip^O 
if j9 = 



(4.49) 



analogously to KT!\\ . Then it holds (cf. f lOHjl ) that 

E m = rt(-n' E E E / 



5iypA...A5„yp 



1=0 



J 

5(0 



P (4.50) 



i^Recall that T 



1 1 
1 
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Thus, we have to show 



E ^(p)= E /(^)- (4-51) 



<5i J/p A...A <5„ Ae {MgAA^OAdct A=0 

SiYl2A...AS„ri2 



This is equivalent to prove that every matrix A G JmJ, with (5i//2 A ... A SnJih, A 
and det A = 0, can be uniqueljllll decomposed as 

where ^^^^ G ro((5)/(T). We will observe that {j,p) and {—j,—p) label the same 
orbit. Since det A = it follows that 

n[ ^ = ^2 /i =: no G Z . (4.53) 



Because of 5j//2 "we can infer (5|n'^ = 6ni. In consideration of ( I4.52p . i.e. 

c= — gZ and ci=-GZ (4.54) 
j j 



it follows that 



il gcd(„„/0 « 3. . Z : , . = gcd(„../0 = . (4.55) 

Therefore, using f l4.52p again, 

p=!!lj = gcd(ni,/i) ^ no 1 
ni ni k lcm(ni, li) k 

Since the least common multiple of two numbers rii and li is the product of the highest 
powers of all prime-factors that are present in their prime-factorisations, it follows together 
with the fact that rii and /i are both divisors of no that p & 1i for at least k = ±1. 

Since ad — 6bc = 1 it is true that gcd(c, d) = 1. Thus, \j\ = gcd(ni, li) ^ k = ±1. Here 
we can observe the above mentioned sign ambiguity. Both k = 1 and k = —1 yield a 
consistent solution of f l4.52p for the same matrix A. Hence, we have 

° ^ ^■ro(5)=f° J)-US). (4.57) 



0(5(0 I ^ u / In d'^"-' 
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Up to a sign ambiguity, which will turn out to be irrelevant shortly. 
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Let Pi,P2 G ro(5). Then it is clear that 



if 



—pj \0 —p, 



Pi = ( J 1 ■ P2 = T ™ ■ P2 . 



So the lemma is proven. 
Now we can begin the 



(4.58) 

(4.59) 
□ 



Proof of theorem 4^.1. The idea of the proof is as follows. Let 5 = 5i^^ ■ . . . ■ Sn^"'. The 
problematic part of the sum over all A G \M] will be the sum over I2 , with A parametrised 
as in (14. 2p . To perform this summation, we split the sum over all I2 & 1^ into two sums 
5i//2 A ... A Snjih and 5i\l2 V ... V 5n\l2- Using lemmas H75] and |46] the first sum 
can be decomposed into sums over integrals which can be computed directly via lemma 
14.21 Using lemma 14.41 the second sum can be decomposed into different sums of the 
form (i|/2, which lead to a reduction via lemma 14^3) to ^\5. We will use this procedure 
successively for all reduced sums until we are left with 5' = 1. Firstly, we will apply it 
to matrices with non- vanishing determinant to get the constants \Cl{d). After that we 
will show that the contribution of the zero matrix takes exactly the value to complete the 
contribution of the matrices with non- vanishing determinant. At the end we will look at 
the non-zero matrices with vanishing determinant. The finiteness of this expression fixes 
the multiplicative constant \A\. 

One of the results of this section up to now is the fact that every integral which has to 
be computed arises as the contribution of matrices of the form 



k j 





and 







J 







5' t-/ \" 5/ 

for b'\b and t^''-'-' G Ci{b'\ The general form of these contributions is given by 



k>j> 



5'W 



dTi / — exp — 

T2^ \ T2 U2 



(1 U) 



P 



^P, 



(4.60) 



(4.61) 
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oo oo 



Q<j<k 



-OO 



^2 ^t;2 



kr + j+p — U 



n=l 



;;^4Relnn(l-e"^^^'/'.'0 



for matrices with non-vanishing determinant and 



-1/2 



(ir2 



-1/2 



71 T2 

r2U2 



(1 f/) 



+ 1/2 00 r- 

J ^ *sw2:-p 

-1/2 ^ 



^ — ^2 

^2 — ty2 



— P. 



(4.62) 



T2e 



5'« 



4Re In rj 



U 



-In 



To 



In 



571 e 



3^3 



5'/ 5'^^) J \5' / 5'^^) 5' / 5'^^\ 
for non-zero matrices with vanishing determinant. 

Let us look closer at our proposition, i.e. formula (14. 3p . The different terms in the sum 
on the right-hand side equal }/j^(^, ^) and it is feasible to guess that they stem from a 
reduction 5^1. However, how does the sum over all divisors arise from the reduction? 

x' x' 

To see that, observe that at every intermediate step of reduction d = 5^^ ■ . . .■ 5n" |5, lemma 
14.51 ensures that there is always a contribution of matrices A with 5i^}{l2 A ... A //2 
and 



A 



k j 
IP 



(4.63) 



For matrices with vanishing determinant there holds an analogous statement with k = 0. 
Since these two assertions are true for every divisor d of 6, this leads to a sum over all 
these divisors d in (14. ip . It remains to compute the prefactors \C^{d) of these summands 
and the overall constant {A]. 

As mentioned, imposing divisibility conditions on I2 = 5*-'^ I2, with 5*^'^ G Ci{5), results in 
a reduction of 5 to On the resulting sum we can again impose divisibility conditions 
l'^ = ^'(O/'^', which gives rise to another reduction, and so on. Now, we will show the 
following 
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Claim. The following two procedures are equivalent 

1. successively apply lemmas \4-5[ \4-6[ \4-4\ and \4-3\ to (14. ip 

2. sum over all dil2, ^2/2, c^o-oC^) ^2? where ao{6) denotes the numbers of divisors of 
6, and then apply lemmas \4-5\ and \4.6[ 

Proof. Recall that the reduction of 6' to gives rise to a multiplicative constant (cf. 
lemma 14.31) 

[ro (^) : To{6')] 



i-^l'w i<5' (-^' ^) ~ ~ ^ ^ ^ ~ i^'^s' {T, u) . 

When reducing by a prime number p which divides 5' as well as , this constant is 1 
For every prime number p\5' which does not divide a factor of has to be multiplied 
i.e. 

[ro (^) : ro(5')] _ v + i 

p 



w — - n ^ («^) 



It is important that the multiplicative constant which we gain by reducing from 5 to 5' 
does not depend on the path on which we did it. It does only depend on 5 and 5' . That 
means that the constant is the same if we first reduce by 5i and then by 5j, first by 5j and 
then by 5i or by 5i 5j. By reducing 5 by 5i we mean reducing 5 to f-. Thus, to show the 
claim above, we have to look at the possible ways (with sign) of how we can reduce 6 to 
5'. 

Let us look at an overall reduction of 6 by d\6. Furthermore, let us denote the numbers 
of primes which divide G Z by jj^p{n). Then the preimage of | u nder (direct) reduction 
is given by the set of all J with 5^') G Ci{d) and I < #p(rf)0 Reducing J 5^') by 
results in a sign (—1)'+^. It is clear that there is only one way of reducing 6 hj 6i, with 
5i G P. Now let us assume that it is true that we count every divisor jr exactly once for 
d' < d. If we define Iq ■= H^p{d) we can infer how often | has been counted 

^0 '0 /; 

if 



E E (-i)'^' = E(;)(-i)'^' = i-(i-i)' = i- (4-65) 

1=1 5(')€Ci{d) 



Here we used 



CKrf)|=(S. (4.66) 



^^Recall that we use lemma 14.41 and lemma 14.31 for reduction. 
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Hence, if the assertion is true that we count every divisor ^ exactly once for d' < d it 
follows that it is also true for d. Since it holds for ¥ 3 6i\6 we can infer that the claim is 
true. □ 



Above, we motivated that the result of fl4.1l) is a sum over all divisors d of 6. Afterwards 
we have shown that it is equivalent to iteratively use lemmas 14. 5[ 14. 6[ 14.41 and 14.31 or to 



look at the sum over all restricted sums I2 — di I2, I2 



d2 1'2, 



h = d. 



TO (5) 



I2 and apply 



lemmas 14.51 and 14.61 to these sums. Now, let us look at such a restricted sum d\l2- It is 
given by 



1t1 (T' tt\ — (<5') ■ ^' 



X exp 



6' 

vrT2 
U2 



R 



'2mTdetA ^2 



6/6' 



6'\5 



(1 U)A(^[j 



(4.67) 



Note that this is strictly spoken a formal expression, since it contains infinite contributions. 
These will eventually cancelled by the regulator from (14. ip . We will show explicitly that 
this is always possible by determining {Aj later. 

Since |- G Z we can write |r = 6i^^'' ■ . . . ■ 6i^^"' for 6i^ G P. Imposing 6i^ Jfl'^A.-.A 6i^ ll^ 
results, using lemma 14.51 in integrals of the form 

[ro (I) : ro(5)] /• rfV 



X exp 



5(0 5' 

TXT2 
^2^2 



T2' 



E E 



'2'iTiT 



s'W s' 



To 



R 



ro{s/s') 



k>j>0 pf^Y^f s 



6' 



(1 c/) ( * 



■ p 



T 



(4.68) 



for matrices with non- vanishing determinant. The matrix multiplication with P can 
be interpreted as a modular transformation on r, cf. eq. fl3.79p . Since we sum over 
all matrices P E Vq (^), we are left with an integral over H"*" and are allowed to use 
lemma S21 If we apply the same reasoning to matrices with vanishing determinant (using 
lemma . set /c = and adjust the sum, we have to take into account that not all 
Pi, P2 G Tq yield different matrices, cf. the proof of lemma WM There we found out 
that two matrices Pi, P2 with Pi = T™ P2 for some m G Z label the same orbit. Hence, we 
have to integrate the contributions of matrices with vanishing determinant over "H^/ (T), 
which is given by a stripe {t G : |ri| < |}. If we denote the contribution of all these 
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matrices by X^',)^,|^, we get using 142) 

-^(5{05'|5(^5 ^) + -^5(0 5' 1 5 (^5 ^) + ^^zero-matrix + reg. 



(4.69) 



[ro (I) : ro(5)] 



(5(0 6' 



In 



To 



T 



U 



where reg. denotes the fraction of the regulator from (I4.ip which cancels the divergent 
contributions. 



Thus, we understood the principal form of the summands in (14. 3p . It is interesting that 
there always appear blocks containing the logarithm of Dedekind ?]-functions, very similar 
to the result for the case a = (3 = 'j = 6 = l. 

Our next aim is to show 



n 



p|dAp| I ApeP 



Using the above construction, we can show an intermediate result towards the multiplica- 
tive constants \Cg{d), namely 



'=0 5(0ec,(A) 



5(0 



n 



p|<5Ap/<5«.dApeP 



p + 1 
P 



(4.70) 



To do this, let's compute the prefactor of the block which is associated to d being a divisor 
of S. Equation (I4.70p sums over all preimages of d under reduction of restricted sums via 
lemmas 14.51 and 14.61 These preimages are given by the set of all d ■ 5(0, with 5(0 e d (|) 
and / < (^). Reducing d ■ 5(0 by 5(0 to d via lemmas 14.51 and 14.61 results, firstly, in 
a sign (—1)'. Secondly, if we look at (I4.67P and (I4.68p . we observe that this contribution 
causes a prefactor of Thirdly, we have to account for the multiplicative constants 
(I4.64P arising from reducing 5 to c? ■ 5(0 via the claim. This factor is the last product in 

(Km . 

By definition it is clear thai0 



ip^p ■ d) 1 
il){d) p 



1, \l p\d 



(4.71) 
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We use ?/;(n) = [T : Toin)] = nj]. 



.p\n A p^P 
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This implies together with pj^^^'-* ■ d 4^ p^6^''^ A pj{d for all prime numbers p G P that 

P+ 1 ^ TT ^{p-d)l 
p 

p|<5Ap/<5(0.dApeP p|Aap/5(0 ApGP 



n ^-T^r. n (-> 



Thus, equation (14.701) is equivalent to 



Kw-E E (-1)'^ n (-3) 

'=0 5(')ec,(^) p||Ap/5(0ApeP 



Multiplying out 



yields exactly equation (14. 73 p . If we use 
ilj{p-d)l 1 f ifpM 



?/'((i) p p [ 1 , if p/(d 



(4.75) 



we get (14. 4p . It is easy to see that {Aj is the inverse of the sum over all \C}{d) as follows. 
The regulator in (13.860 has to cancel the divergent contributions from the orbit of non-zero 
matrices with vanishing determinant. Since it has to regulate all of them (belonging to 
various divisors of d), it must be the inverse of the sum of their multiplicative coefficients. 

Hence, we took care of the orbits for non-vanishing matrices. Now let us look at the 
remaining contribution of the zero matrix. It is given by 



--zero- matrix 



T,^-Ail = -T, n 1 + - (4-76) 



T2^53 5 3 \ P 



71 *^^^'^ 1 

To prove theorem 14.11 it remains to show 

-4Ei n 0- e ^- («^) 

d\S p|dAp|| ^ ^ ^=0 SWeCiiS) 
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For 6 = 6i ■ . . . ■ 6n, i.e. no prime factor 6i occurs more than once, this equation is trivial. 
We will now show that if this equation holds for 6, then it holds for 6i ■ 6, with 6i\6 and 
6i G P. This will give us the complete proof of theorem 14.11 

Let 6 = ■ . . . ■ dn""" G Z, 5i G P with 6i\6 and let f|4T7j) be true for S. We will show 



d\S-5i 



d\S 



(4.78) 



by comparing 
Cf{d) := 



n 



p|dAp|| ApeP 



1 

1 - - 

P 



and Cs,5{d) := 



n 



p|dAp|^ ApeP 



1 

1 - - 
P 



(4.79) 



It is clear that if there is some difference between the left-hand and the right-hand side 
in equation (14.781) . it must be caused by S^. Let us consider different cases. 

The case d/(6 and dJ(6i-6 is not interesting, while the case d\S and d/(6i-6 is a contradiction. 

Let now d^6 and d\6i ■ 6. We denote the power of 6i in the prime factorisation of 6 by 

PsX^) = ^i- Then ps^d) = Xi + 1 and d = d' ■ 5f''~^^ with d' ^ 4+i • 

Since dj(6, the term Cs{d) is not present in the left-hand side of (14.781) . 
Because of 6i)(d' and 6i / ^, /f'^+i it is true that 



CssXd) = Cs&Xd'^: 



n 



p|d'5i^i+l Ap 



1 - 



P 



(4.80) 



Y ApeP 



n 



p\d' A p 



ApeP 



1 

1 - - 
P 



Cs{d') 



Next, we consider the case d\6 and d/SiS. From SiJ(d we deduce Cs{d) 
there are four cases: 

1. If 5i 1^ A (5i 1^ it is evident that Cs{d) = C^,,.^. 

2. Considering 5j | ^ A 6i yields a contradiction. 

3. Setting 5i /j'^ A 5i results in psXd) = and, thus. 



CsAd). liSi\d 



Cs{d) 1 



CsAd) . 



(4.81) 
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4. The last case 5i /f^ A 5j is a contradiction since 5i\d and d\5. 
Altogether, the difference between the left-hand and the right-hand side of equation fl4.78p 



reads 



(4.82) 



d\S 



pg (d)=a;j + l 



d\S \ W MS rf'l^ 



pg {d)=Xi 



pg (d) = ij 



1^ 

PA, (d') = 



Si ^ d 

' d\S 
pg (d)=Xi 



Si ^ d 

d\f, 
pg (d)=Xi 



This proves (14.781) . If (I4.77P is true for S it follows that it is true for SiS, with Si\S and 
5j G P. Since it is true for 5 = 5i ■ . . . ■ 5„ we can infer that it is also true for all 5 G Z 
and we have proven theorem 14. 1[ 

□ 



Let us analyse the symmetries of equation (14.31) . The building block 



T 



U2 
d 



u 

^^7 



has the symmetry T{l/d,d) = ro{l/d) (iT^ld) acting on T or U. Hence, the sum over all 
these building blocks, i.e. equation (14. 3p . is symmetric under 



nr(i<^)^rV) 

d\S ^ ^ 



(4.83) 



acting on T and U independently. But there are more symmetries of eq. (14. 3p . If we 
examine eq. (14. 4p . we observe that 

'S^ 



Thus, (14. 3 p admits the additional involutive symmetries 



l%]:T^r = ~- and 



(4.84) 

(4.85) 
(4.86) 
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This is a generalisation of what is commonly denoted as T-duality. Note in particular, 
that, although this looks very similar to the usual T-duality, this symmetry is not a 
modular transformation (except for the case 6 = 1). It also possesses different self-dual 
points than the common T-duality. We will investigate physical consequences of this fact 
in another work and for specific models |21j . 

Last but not least, there is yet another symmetry which interchanges the role of T and 
U. It is given by 



where * denotes the free product of groups. 

4.2 Reduction of a, 13, j,6eQ to a = l3 = j = l and 6 e Z 

In the last section we computed (13.861) for a = /3 = 7 = 1 and 5 G Z. Considering 
the more general case a = /3 = 7= l,5GQ one faces difficulties which turn out to 
be so severe that they seem to leave no hope for a direct solution. Matters even get 
worse considering the most general case a,/?, 7, 5 e Q. Summing over all matrices with 
fractional entries appears to be even more complicated than summing over integers has 
been. Fortunately, in the special case at hand it is not. As we will show in this section, 
it is possible to reduce all cases to the case a = /3 = 7 = l,5GZby transforming the 
moduli appropriately. 

The starting point of our consideration is given by the expression of the one-loop partition 
function on the world-sheet which is associated to the boundary condition (1,6'^'=). The 
most general form it can take is (cf. (I3.86P before Poisson resummation) 

^one-loop / \ \ ^ 27rj r(7mi ani+5m2 /3?i2) 




(4.87) 



(4.88) 




TTi]^ ,1712 



(4.89) 



nT2 



TU (3n2 + T aril — 7ml U + 61112 



X exp 



T2U2 



If we define 




(4.90) 
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(I4.89P can be written as 



;7one-loop / \ 



E 



7rr2 



(1 ^)^(T) 



(4.91) 



Furthermore, let us define 
vrr2 



n 



T2U2 

TXT2 
'T2U2 



\TU I3n2 + T ani — 'ymiU + 611121 and 



5 := —2711 T detA = 27rz r (7ml ani + Pn2) ■ 
The first reduction we are going to perform becomes visible if we look at 

S = 2Tti T {wyiTLi Til + P6m2 112) . 



(4.92) 



(4.93) 



(4.94) 



It suggests that one can reduce {a,/3,j,6) to (1, l,a'j,/36). To establish this, we have to 
show that "H can be reduced consistently. 



It is 



n 



7rr2 

TTT2 



TU /3n2 + T aril — ■yrrii U + 6m2 \ 



(4.95) 



a(3T2^U2 
If we rescale the moduli as 



a/ST —U n2 + a/STni — 07 mi —U + /35m2 
a a 



T 
U 



r = af3T 
a 



(4.96) 
(4.97) 



we see that it is possible to consistently reduce (a,/3,7,5) to ( 1, 1,7,5), where 7 = 07 
and 5 = (36. 

On the other hand, if we perform the rescaling 



a' 6' 

T = ^T and 

u^u' = ^u, 

a'o' 



(4.98) 
(4.99) 
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we see that the more general reduction 

{a' a, 7'7, 6' 6) ^ (7'a, 6' (3, a'7, /3'6) (4.100) 
takes place. 

The first reduction can be recovered from the second by setting 'j' = S' = a = P = l and 
a' H- a as well as /3' 1— )■ /3. 

Therefore, as we showed in section |3l the Poisson resummed version of f l4.89p has to posses 
the modular symmetry group fl3.85p after appropriate rescaling of the moduli. 

This is important since we integrate T2ZJ^^^^°^^ over a fundamental domain of this sym- 
metry group. 

However, we are still left with the case (1, 1, 7, 6) with 7, 5 G Q - posing the mentioned 
difficulties when trying to sum over matrices with rational entries. To further reduce this 
case, let us examine how we can deal with common factors in 7, 5 e Q. Since 7 and 6 are 
rational numbers, they can be written 



7 = — and 6 = — with gcd (m;^, f^^) = gcd (u^, f^) = 1. (4.101) 



^7 ^5 



To determine the sought common factor, we modify (I4.10ip to 

~ ^ gcd {VsU^,V^Us) VgU^ 



(4.102) 



If we now define 

A := S^d(.,n„.,n,) _ _^ v,u, ^ - _^ v,u, ^ 

V^V-^ gcd{VgU^,V^Ug) gcd{v^u;y,v^u^) 

equation fl4.102p yields 

a7 = 7 = A7 and /3 6 = 6 = X6 . (4.104) 

By definition f l4.10ip it holds that gcd (7, 5) = 1. Furthermore, inspection of fl4.103p 
yields 7, 5 G Z. 

Because of fl4.104p it is clear that the symmetry of T2Z1^^^]°'^^ can also be expressed in 
terms of A, 7 and 6. If we write A as 

A = ^ (4.105) 
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and look at a matrix multiplication similar to (13.82^ we find tha^^°' 

^^A ^^A \ ^^A 



Icm 



:cd{vx,-f)' gcd{vx,S) J gcd(gcd(t;A,7),gcd(t;A,5)) (4.106) 
f A =: 71 1 & and 



1 , Ma 7 Ux5 \ 7 
icm — — — — -, — = = u\ 1cm 



;cd {ux i.vxV gcd {ux 5, vx) ) \ gcd (7, t;A) ' gcd (5, vx) 

^ ^ \-T \-T -I 

Ma 7-rz r 7= r = 7 =r A70 =: t =: Z/|c. 

gcd(7,t;A) gcd (5,i;a) gcd(vA,7 5) 



(4.107) 



where use has been made of gcd (7, 5) = gcd {ux, vx) = 1, and by definition e E 1;. This 



means 



}imJ;]-p= }mJ] for Per(7i,z7). (4.108) 

In order to get rid of the common factor A, we will have to reduce 

(1,1, A 7, A 5) I — ^(1,1, A, A 7 5) if 7<5 and (4.109) 

(1, 1,A7,A5) H-> (1, 1,A7 5,A) if > S . (4.110) 

This can be achieved by making use of the Smith normal form [22]. The theorem we will 
use is given by 

Theorem 4.7 (Smith Normal Form). Let M e Z^^^. Then there exist invertible matrices 
P e GL(2, Z) and Q e GL(2, Z) such that 

P-M.Q=(^' M , (4.111) 



72 

with 7i|72. The numbers 71 and 72 are the elementary divisors of M. 

The fact that the matrices P and Q are invertible and integral valued is equivalent to 
their determinant being 1 or —1. Theorem 14. 71 tells us that there exist matrices P and Q 
such that 

^ "^-^-'-fi IVO-'. (4.112) 



51 \0 7(5 



20 



Recall that xy = 1cm (x, y) gcd {x,y). 
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where we used gcd (7,5) =1- If 7 < 5 it follows that det P 
implies det P = det Q = —1. In the latter case we use 



detQ 



7 
6 



to replace f l4.112p . where we used a matrix 

^^=(1 

Since deti? = —1 it is evident that det i?P 
(1, 1, A7, X6), Ti reads 



and 7 > 5 
(4.113) 



(4.114) 

det Q-R = 1. Having reduced to the case 



H 



TIT2 

7rr2 
'W2 



vr \t2 



(1 U') 
(1 U') 

(1 U') 



rii 
n2 



A \ 
—A 7ml J 



rii 
n2 



6 7712 
—7 ml 

77i 
n2 



r 
1 

A 



(4.115) 



{T2IX) U', 

Let w.l.o.g. 7 < 5. Then it holds tha^^^' 



67712 
-7 ml 



T'/X 
1 



rii 
n2 



Sm2 
-7 mi 



711 

712 



+ 



1 
-1 



7 
6 



mi 

7712 



(4.116) 



If we define 



rii 
n2 



mi 

7712 



an 



U' 



" := [{s-^psy^)^u' 



(4.117) 
(4.118) 

(4.119) 



21 Recall that 5 := 



-1 

1 



Here f (S* ^PS) ) acts as a modular transformation on U. For the definition of (J cf. p. 641) . 
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then the combination of fl493D . fl4.115h and fl4.116l) yields 

S = -27riTdetA = 2TxiT {\m\n\ + X^^m'^n'^) (4.120) 

and 



(1 U") 



n\ \i5m'^\ (T" 
n'2 —A m'^ 



(4.121) 



If 7 > (5, we replace P by -RP and Q by QR and follow the same line of reasoning. 

But now another question arises. What is the summation domain of n'^, n'21 rn[ and m'g? 
To answer this question let us parameterise S~^PS and as 

S-ips= «i2\ ^4_^22) 

\a2i a22 



and 



611 6 



Then the primed variables can be written as 

n'^ = an rii + 0^2 ?t-2 and (4.124) 

m- = bii rii + 6j2 '^2 • (4.125) 

Since (S^^PS) G SL(2,Z) and Q"^ G SL(2,Z) (see comment below theorem SZI), it 
follows that gcd(aji,ai2) = gcd(6ji,6j2) = 1 for z = 1,2|^. Since we had to sum the 
unprimed variables over Z, it follows that we have to sum the primed variables over 
Z, too. Again we have to ensure that we did not change the symmetry of r22'^°'^''°^''. 

Therefore, we have to examine whether iIM^-^ ■ P = i^^^^ P G F {JI,V) (cf. fl4.106p . 
fl4.107p and f l4.1U8p ). This means for all Mi G }IM^_^ and P G T {JI,V) there has to exist a 

, _ «npVi thai M. . P = A/f„ T.pI- 
A7(5 



matrix M2 G ilM^_-c such that Mi ■ P = M2. Let us look at such a matrix multiplication: 



rii \ fa b\ _ f nia + hjc j{niXb + lid) 



n2 j^kj'yc d) \n2a + l2^^c {n, 6b + hd) 



(4.126) 



23 



This holds true, because the Diophantine equations det (S" ^PS) = 1 and det Q ^ — 1 posses solutions. 
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Here we can read off 
f A I b and 



(4.127) 



1cm Ma, 



7 5 



7 



5 



(4.128) 



gcd (7 6) J "'^gcd (7 6) "'^ gcd (7, vx) gcd (5, t;A) 
where we used 1cm {zx, zy) = z 1cm (x, y) and gcd (x y, z) = gcd (x, z) gcd (y, 2;) for 

gcd {x, y) = 1 and x, y, z > 0. Since (14.12711 and (14.1281) coincides with (14.1061) and (14. 10711 . 
the symmetry does not change. 

Now we are ready for the last reduction. Let again w.l.o.g 7 < 5. We will show that 

(1,1,A,A75) ^ (1,1,1,7^) (4.129) 
if we rescale T' as 

r 



T' 



rp// 



X 



(4.130) 



For that purpose let us look at the partition function which is associated to (l,^'*). Up 
to now we have shown that it can be written as 



r7one-loop / \ 



1 \-s 



T' 



exp 



(1 f/'O^Q 



(4.131) 



This is equivalent to 



r7one-loop / \ 
^ (l,6»'fc) ^ ' 



- E 



75 



TT 



(T^/A) 



(1 



(4.132) 



and nearly what we wanted to achieve. But how can we deal with Ar? First we have to 
observe that A is of the form 



A 



111 h 



n2 



7 (5 



(4.133) 



In the last section we gave a procedure to compute a sum over these matrices assuming 
that the integration domain is R^t--^\. One crucial point was the possibility to reinterpret 
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a matrix multiplication of representative matrices with matrices in r° {^6) as a modular 
transformation of r by an element in Fq (j^)- We only used two universal properties. 
Firstly, a fundamental domain of Fq {jS) is defined as a maximal inequivalent set of 
complex numbers r e H"^ and by acting with Fq (7(^) on R^^^--g^ we get the whole 
complex plane. Secondly, the contributions of representative matrices with non-vanishing 
determinant have to be integrated over H+, while those with vanishing determinant over 
H+/(T). The latter resulted from the fact that two matrices Pi,P2 € Fq (7 5) lead to 
the same matrix with vanishing determinant, Aq ■ Pi = Aq ■ P2, if these two matrices are 
connected by an element of (T) . Now, we will show that the same holds true here (up to 
a multiplicative constant). The crucial point is that we act with a matrix P e Fq (7(^) 
not on T, but on At as a modular transformation. This means 



aXr + b 
PxrXr = — 



= A 



ar + 



^ScXt + d XjSt + d 



(4.134) 



which shows that we can alternatively act with a transformation P' G F (i, A 7 5) on r and 
rescale afterwards by A. The next problem which arises is the fact that we integrate the 
partition function over a fundamental domain of F (vx, e A 7 5) and not over a fundamental 
domain of F (^, A75). This can be resolved by observing 



r{vx,eX^S) (zr(^j,Xj5 



(4.135) 



and, therefore. 



R 



u 

k=l 



^fc^r(i,A7 5) 



(4.136) 



with Mfe e F (i, A75). Thus, the relevant integral to compute one-loop gauge threshold 
corrections reads 



-27ri T'/A det A 



n/x 



(4.137) 



X exp 



vrT^/A 
X^ 



1 c/'0^(Y) 



T2 



Rr 
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a/17 



i A75):r(^,,eA7<5)] 

^ / 



fc=l 



X exp 



(1 ^'o^Cr 



A-<5 
2" 



E 



-27ri T'/Adet A 



7 (5 



■7-2 . 



fir 



Applying the procedure of the last section on this integral results in considering the action 
of subgroups of r \^6) on MkR-p^i x^sy observing that the latter is a fundamental 

domain of T (^,A7 5) for all k it follows that the contributions of the representative 
matrices with non- vanishing determinant have to be integrated over H+. Moreover, it is 
evident that two matrices of Fq (7 5) lead to the same matrix with vanishing determinant 
if these two matrices are connected by an element of {T^/^). 

Above we argued that we have to rescale by A after a modular transformation P' on r. 
Since the integration measure ^ is invariant under scaling and modular transformations 
of r, we have to integrate those contributions of matrices with non- vanishing determinant 
over A 1H+ = H+ and those with vanishing determinant over \{M.'^ / {T^/^)) = M'^/{T). 
Here we mean rescaled domains via a transformation r 1 — > r' = Ar. As an example 
consider a rescaled open interval: A = 2 and 2 ] — 1, 2[=] — 2, 4[. 

Therefore, we have shown that the universal properties, mentioned below equation (I4.133p . 
are fulfilled. Hence, we gain 



047 



A 



To(7«) 



■2-Ki TVAdet A 



TUX 
7 



r2U'' 



(1 u")a{^^ 



(4.13J 



r2^ 



T2 



Rr 



Moreover, from the construction given in the last section it follows that an overall factor 
in front of the first integral gets absorbed in '^A^. This is true because of the finiteness 
of the result. Thus, we have shown that it is possible to reduce fl4.129p via f l4.13Up . 

For the case 7 > 5 it follows in complete analogy 

(1,1,A75,A) ^ (1,1,75,1) (4.139) 

if we rescale T' as 

H 



T' 



rpll 



(4.140) 
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This completes our treatment of the reduction of all cases {a, /3, 7, 6) to those of the form 
(1,1,1,5). 

We have shown that this reduction is always possible and we gave a procedure to achieve 
this. We started with (a,/3,7,5) and showed that this is equivalent to (1,1,7,5) = 
(l,l,a7,/35) via flTOll . flTOTD . By definition it is (1,1,7,5) = (1, 1, A7, A5) with A G Q 
and 7, 5 G Z. Making use of the SNF, we showed that we can transform [/ by a modular 
transformation P to U' = (-P^)^ U so that (1, 1, A, A75) (w.l.o.g. ). We got rid of the factor 
A by the rescaling T h-)- ^. 

Using 



1^5 



1/^5 1/^1 



1/^7 



(4.141) 



we obtain, 



Ctrl 



14, E n{d)\Cl,{9) 

d\S^g\^ 



rpll 



" (5) 



U" 
gd 



U" 
V I 



+ ln 



87re^-T^^ 
3^3 



(4.142) 



where 



A 



U" 



a 



(4.143) 
(4.144) 



This leads to a symmetry group 

r 



a/2-7 
/3^S 



af3 _- X 
A ap 



X r 



/3 _-a 
a p 



* 13^5 



U' J 



(4.145) 



with 



^ : T ^ T' 



75A2 



75a^ 



^ajt]:(T,f/)h^(T',f/') 



A 



(4.146) 
(4.147) 
(4.148) 
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* denotes the free product of groups. 

As mentioned before, the three involutive symmetries ^T^, and are not modular 
transformations in generaL corresponds to the mirror map acting on the fixed plane, 
while the other two correspond to a generalisation of what is usually called T-duality, in 
the sense that they exchange large with small radii. However, notice that — unlike the 
usual interpretation of T-duality — these symmetries are not contained in PSL(2, Z) and in 
none of its subgroups. They pose an additional structure to the modular transformations 
(which form a subgroup of the modular group in general). 

Physical consequences of this observations (e.g. self-dual points different from 1) in con- 
crete models are being investigated |2T] . 

As a remark, this can be regarded as the proof of a conjecture made in [TTj: that there 
always exists an involutive symmetry interchanging large and small radii, in any orbifold 
model (even with non- vanishing Wilson lines). Until now, its existence could only be 
shown for simple toy-models. 
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5 Conclusions and Outlook 



Our goal in this work has been the calculation of threshold corrections in general abelian 
toroidal orbifold models, allowing for arbitrary discrete Wilson lines. So far, only threshold 
corrections in the absence of discrete Wilson lines were known. However, the phenomeno- 
logically most promising models possess non-vanishing discrete Wilson lines. 

The path followed in our work can be divided in two parts. The first part consists 
of chapters 2 and 3, in which we aim to reformulate the task at hand in terms of a 
well-defined technical problem. We were able to show that every orbifold model can be 
assigned four characteristic number^ (a,/3,7,5) G (one set for every fixed plane) 
which determine a special integral 



(depending on the moduli of the fixed plane). Knowledge of this integral (for every fixed 
plane) together with the beta function coefficients is enough to calculate the threshold 
corrections A„. 

The second part of our work is devoted to solving these integrals '^I]{T, U). This problem 
turns out to be quite difficult, mainly for two reasons: the domain of integration is the 
fundamental domain of some sub-group of PSL(2, Z) and the integrand contains an infinite 
sum over all matrices which fulfil certain divisibility conditions. The former is difficult to 
construct in general and it is hard to find a parameterisation for the latter. 

Fortunately, it suffices to solve the case (1, 1, 1,6) with 5 G Z, since all other cases can 
be mapped onto this one by fractional linear transformations of the fixed plane moduli. 
Still, both problems survive in a less complicated form. 

The first one can be circumvented by only using defining properties of a fundamental 
domain. To tackle the second problem, we had to develop techniques to cope with the 
divisibility condition in the infinite sum of matrices. The tricks which emanate from this 
(cf. lemmas 14. 3[ 14. 4[ 14.51 and 14. 6p were unfamiliar to us before and we were not able to 

^^Note, that we compute the integrals in p.86|) for ah rational numbers a, /?, 7, S. However, in physical 
models, the most general case is (1, l,j\S') with 7', (5' € Q, which is equivalent to {a, (3,^,6) G 
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find any similar techniques in the hterature. Though, we think that it is most improbable 
that we were the first to ever use such techniques and it would be interesting to find works 
using them (or similar versions thereof). 

Eventually, we obtained the result 



- E \Cl{d)\C',{g) 

d\S^g\^ 

4 



In 



Tl 
gd 



ui 

gd 



V 



gd) 



In 



i IT e 



1-7B 



3^3 



Kim 



with T" = ^T, U" = ^U'. 

It is particularly interesting how naturally number theoretic notions like prime numbers, 
greatest common divisor, lowest common multiple, etc. appear in our results and proofs. 
We found this quite surprising and suspect that there are good reasons for this beyond 
our present understanding of the problem. Therefore, we would be especially interested 
in understanding what actually was computed in our work from a mathematical point of 
view. It is known that one-loop string thresholds have a close relationship to the Ray- 
Singer /analytic torsion [23j. The result for the case (1, 1, 1, 1) agrees with (the logarithm 
of) the result of Ray-Singer for a (complex) line-bundle with fiat connection and, hence, 
could be viewed as the analytic torsion of the fixed plane. However, the interpretation of 
the result for general (a, /3, 7, (5) remains unclear. Especially the coefficients \Cl{d), '^Aj 
appearing in our results should have some close relationship to bundle cohomology. 

Another interesting aspect of our results are the modular symmetries. We obtain the 
symmetry group 



13^5 



a/3 _- \ 
A ap 



T 



(3 _-a 
a p 



at (7 

I3^S 



(147X451) 



where * denotes the free product of groups. 

Besides the expected occurrence of modular symmetries and the mirror map pDyQ, there 
appear two involutive symmetries p%J and pij. These exchange small with large radii 
and, in that sense, are a generalisation of T-duality. It should be stressed that, in contrast 
to the usual version of T-duality (which is a transformation in PSL(2, Z)), these are not 
modular symmetries. Work on physical implications of these observations in various 
models is in progress 



In that context, we would also like to point out some side results of our work. In chapter 
3 we analysed the momentum and winding lattices of the Af = 2 sector. We were able to 
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show how discrete Wilson hnes effect these lattices and how to parametrise them. This 
was needed in the context of our work, to be able to characterise every obrifold model (in 
our sense) by four numbers a,/3,7,5. However, we think that these results arc of more 
general use in the context of orbifold model building. They should enable one to determine 
the spectrum of the J\f = 2 sector of a general orbifold model, i.e. with non-factorizable 
lattice and discrete Wilson hnes and might also give hints on how to repeat this analysis 
for the other sectors of boundary conditions. To the extent of our knowledge, this is still 
an open problem and we think that our results might be applicable to solve this problem. 

Finally, we would like to state that we think that it should be possible to generalise the 
given procedure in order to be able to calculate even more general integrals than ^/J(T, U). 
Necessary for our method to work in principle are the following properties: the domain 
of integration should be the fundamental domain of some group, this group should be a 
subgroup of the symmetry group of the integrand, the infinite sum over matrices should 
be now an (infinite) sum over group elements and one has to know a basic building block 
to trace everything back to. This might make the method applicable, in principle, to 
other technical problems. 
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